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I

WELCOME TO FSE

Frontiers in Science and Engineering, an International Journal edited by The Hassan II Academy 
of Science and Technology uses author-supplied PDFs for all online and print publication.

The objective of this electronic journal is to provide a platform of exchange of high quality 
research papers in science and engineering. Though it is rather of wide and broad spectrum, it is 
organized in a transparent and simple interactive manner so that readers can focus on their direct 
interest.

All papers are submitted to the normal peer-review process. Publication criteria are based on : 
i) Novelty of the problem or methodology and problem solving, ii) Salience of the approach and 
solution technique, iii) Technical correctness and outputs, iv) Clarity and organization.

Papers are first reviewed by the Executive Board Director who receives the paper and, if 
relevant in terms of the overall requirements, it is then proposed to one of the most appropriate 
associate editor on the field who will select 2 to 3 expert reviewers. Electronic printing will allow 
considerable time savings for submission delays which will be reduced drastically to less than 
three to six months. Prospective authors are therefore invited to submit their contribution for 
assessment while subjected to similar quality criteria review used in paper journals.

Authors are notified of acceptance, need for revision or rejection of the paper. It may be noted that 
papers once rejected cannot be resubmitted. All the details concerning the submission process are 
described in another section. This electronic journal is intended to provide :

•	 the announcement of significant new results,
•	 the state of the art or review articles for the development of science and technology,
•	 the publication of proceedings of the Academy or scientific events sponsored by the

       Academy,
•	 the publication of special thematic issues.

So that the scientific community can :
•	 promptly report their work to the scientific community,
•	 contribute to knowledge sharing and dissemination of new results.

The journal covers the established disciplines, interdisciplinary and emerging ones. Articles should 
be a contribution to fundamental and applied aspects, or original notes indicating a significant 
discovery or a significant result.

The topics of this multidisciplinary journal covers amongst others :
Materials Science, Mathematics, Physics, Chemistry, Computer sciences, Energy, Earth Science, 
Biology, Biotechnology, Life Sciences, Medical Science, Agriculture, Geosciences, Environment, 
Water, Engineering and Complex Systems, Science education, Strategic and economic studies, 
and all related modeling, simulation and optimization issues, etc. ...

Once, a certain number of papers in a specific thematic, is reached, the Academy might edit a 
special paper issue in parallel to the electronic version.
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Presentation note
 

Frontiers in Science and Engineering is an International Journal published by Hassan II 
Academy of science and Technology. In its nature, it is a multidisciplinary scientific 
journal and follows the rule of Frascatti international science classification of scientific 
areas.

Our Online Publications System Manager is an electronic publications system of an open 
access journal providing trimester/semester/annual publications of papers in all areas of 
the major aspects.

However as this covers a wide spectrum, we will restrict ourselves to 5 major areas:
- Mathematics, Computer Science and Computational Applications (GRIS)+
- Physics, Chemistry and Engineering Sciences
- Life Sciences (Medical, Health, Agriculture, Biology, Genetics)
- Earth Sciences (Earth, Water and Oceans, Environmental Sciences)
- Strategic Studies and Economic Development

All papers are subjected to peer-review by members of an editorial board or qualified 
reviewers and if accepted will be published in less than two months time.

The multi-journal welcomes the submission of manuscripts that meet the general scope 
and criteria’s as described in our website.

The authors will be noticed the decision of manuscripts within 4 weeks after submission. 
Accepted articles will normally be published during the next 4 weeks.

Publication Fee: free

For more and detailed information please visit : http://www.academie.hassan2.sciences.
ma/fse/
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INTRODUCTION

In this issue of Frontiers in Science and Engineering International Journal, four 
papers are edited, two of them are dealing with mathematics and applications while 
the other two are  for organic chemistry and materials.

The first paper entitled “Derivation of new chemotaxis models by asymptotic” 
presents a new approach to derive macro-scale models in biology using appropriate 
developments of kinetic theory and statistical mechanics at the cellular scale. 

In the  second paper entitled “The structure of some 2-groups and the capitulation 
problem for certain biquadratic fields”, the capitulation problem for certain number 
fields K of degree 4 is studied and followed by the  determination of  the structures 
of some 2-groups as an application.

The third  paper entitled “Synthesis and UV-Visible complexation study of 
1-pyrazolylbenzimidazol-2-one polyether macrocyclic derivatives” deals with a 
new polyether macrocyclic of 1-pyrazolylbenzimidazol-2-ones 5-6 that have been 
synthesized by the reaction of dichloro(poly)ethylene glycol in phase transfer 
catalysis conditions. The structure of these compounds were also  identified.

In the fouth  paper entitled “Atomic relaxation studying in Ag and Cu systems with 
(100) and (110) orientation”, the atomic relaxation in copper and silver Substrates 
are thoroughly investigated. 
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Abstract. This paper deals with the derivation of macroscopic tissue models from the underlying
description delivered by a class of equations modeling, by methods of the kinetic theory, binary
mixtures of multi-cellular systems. The analysis refers to a suitable parabolic approximation to
show how the macroscopic tissue behavior can be described from the underlying cellular descrip-
tion. The approach is specifically focused on the modeling of classical chemotaxis phenomena,
and the chemotaxis–fluid.

Key words: kinetic theory, multicellular systems, micro-macro asymptotic, Keller and Segel mod-
els.

1. Introduction
The derivation of biological macro-scale tissue models has been arguably introduced by the pio-
neering paper by Othmer, Dunbar and Alt [35]. Subsequently, several papers have contributed to
further development of this research line, which consists in deriving microscopic models for multi
cellular systems derived by methods of the generalized kinetic theory. Among others [3, 4, 7, 10,
12, 14, 22, 25, 32, 36], and several others as reported in the survey [6].

The derivation is based on suitable development of asymptotic methods, somehow analogous to
those of the classical kinetic theory, which amount to expanding the distribution function in terms
of a small dimensionless parameter related to the intermolecular distances (the space-scale dimen-
sionless parameter), which is equivalent to the connections between the biological constants. The
limit is singular and the convergence properties can be proved under suitable technical assump-
tions.

This present paper develops a different approach based on the kinetic-fluid formulation of equa-
tions. This micro-macro decomposition problem is well known in kinetic theory. The method is
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proposed for a binary mixture of cell populations to obtain a mixed parabolic–parabolic macro-
scopic model. However, the approach can be easily generalized to more than two populations.

More in details, the strategy consists in rewriting the kinetic equation as a coupled system
of kinetic part and macroscopic one, by using the micro-macro decomposition of the distribution
function. Indeed, this function is decomposed into its corresponding equilibrium distribution plus
the deviation. By using a classical projection technique (as in the Chapmann–Enskog expansion),
we obtain an evolution equation for the macroscopic parameters of the equilibrium coupled to a ki-
netic equation for the non-equilibrium part. This idea has been used to design a numerical scheme
that preserves both the compressible Euler and Navier-Stokes asymptotic for the Boltzmann equa-
tion of rarefied gas dynamics in [33].

Our approach is rather general to apply to a very large class of equations modeling binary mix-
tures of multi-cellular systems, moreover it gives the exact order of approximation of the kinetic
model by the corresponding macroscopic one. In particular, it consists in deriving the diffusion
processes for both population: the classical Keller–Segel model [27, 28, 29, 30], the drift opti-
mal Keller–Segel model [5], and a chemotaxis model with saturated chemotaxis flux [17], and
pressureless hyperbolic description (direct drift coupling).

The aim of this paper, is to prove that our approach can be extended to a broader class of
equations modeling binary mixtures of multi-cellular interacting systems and show how these in-
teractions can contribute to the derivation of a new class of chemotaxis models containing new
terms to be compared with the classical ones.

We analyze the effect of interactions terms on the parabolic approximation and show how the
classical chemotaxis equations and the news ones arise under suitable conditions on the kernel,
and interactions operators. Moreover, our approach can be applied to derive more interesting
chemotaxis models as a competitive system under chemotactic effects with non-local terms, and
coupled chemotaxis-fluid models which use a two-scale kinetic-continuous framework.

The contents of this paper are of interest in the modeling of biological tissues, cancer angiogen-
esis phenomena [1, 23], pattern formation in populations of slime molds, swarming, and chemo-
taxis in different contexts [8, 9, 18, 20, 24, 31]. The guideline consists in start with microscopic
models from kinetic theory and then derive macroscopic models by a micro–macro formulation.
Subsequently, different variants of the Keller–Segel model are derived from the obtained macro-
scopic one by taking different scale regimes.

The presentation is organized as follows. Section 2. deals with the basic description of the class
of equations of the kinetic theory that describe multicellular systems and the derivation of parabolic
equations by using a kinetic–fluid formulation in the case of absence of biological interaction. In
Section 3, we generalize the description to particles including interactions. Section 4 deals with the
derivation of different variants of the Keller–Segel model (classical Keller–Segel model, the drift
optimal Keller–Segel model, and a chemotaxis model with saturated chemotaxis flux, pressureless
hyperbolic description (direct drift coupling), a competitive system under chemotactic effects with
non-local terms), thought different macroscopic scalings. Section 5 shows that the above approach
is specifically applied to derive a broad class of two-scales models of a coupled chemotaxis–fluid
phenomena. Moreover, it is shown that this general approach technically leads to some models
known in the literature corresponding to well defined assumptions on interactions at the scale of
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cells. Finally Section 6 proposes some research perspectives arising from conceivable applications
of our approach to complex biological phenomena with special attention to growth and invasion
phenomena and multiscale topics.

2. Linear Transport Models with Stochastic Velocity Jump Per-
turbation

2.1. The kinetic model
This section presents the derivation of macroscopic models, by micro-macro decomposition, of
linear transport models of multicellular systems of a binary mixture of cells whose state, called
microscopic state, is denoted by the variable (x, v), where {x, v} are, respectively, position and
velocity of the cell. The collective description is encoded in the statistical distribution functions
fi = fi(t, x, v), for i = 1, 2, which is called generalized distribution function. Weighted moments
provide, under suitable integrability properties, the calculation of macroscopic variables. More
precisely, let us consider the following class of equations:




(
∂t + v · ∇x

)
f1 = ν1 T1(f1),

(
∂t + v · ∇x

)
f2 = ν2T2(f2),

(2.1)

where f = {f1, f2}, while the operator Ti(fi) models the dynamics of biological organisms by a
velocity-jump process:

Ti(f) =

∫

V

[
Ti(v, v∗)f(t, x, v∗) − Ti(v

∗, v)f(t, x, v)

]
dv∗, i = 1, 2, (2.2)

where Ti(v, v∗) is the probability kernel for the new velocity v ∈ V assuming that the previous
velocity was v∗. The operators Ti may depend on f1 and f2; in fact, we will assume that T1

depends on the population f2. The set of possible velocities is denoted by V ⊂ Rd, assumed to be
bounded and radial symmetric. Finally, ν1 and ν2 represent the interaction rates of the mechanical
interactions.

2.2. The parabolic–parabolic approximation
Different scenarios that can appear when dealing with parabolic approximation for both popula-
tions are introduced in this subsection. These approximations depend on the scaling choice for the
mechanical constants. First the basis of the kinetic approach to this microscopic model is given;
then, based on the decomposition of micro–macro of the solutions, different approximation cases
can be deduced.

The aim of this section consists in the derivation of macroscopic models (as for example those
of chemotaxis) from the kinetic model (2.1). These macroscopic equations can be obtained in the
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regime ν1, ν2 → +∞. After a dimensionless of the system is obtained, see [4], a small parameter
ε can be chosen such that

ν1 =
1

εp
, ν2 =

1

εq
, p, q ≥ 1.

Then, the model (2.1) can be written as follows:



(
ε∂t + v · ∇x

)
f ε

1 = 1
εpT1[f2

ε](f ε
1 ),

(
ε∂t + v · ∇x

)
f ε

2 = 1
εqT2(f

ε
2 ),

(2.3)

where the turning operator T1[f2] is supposed to be decomposed as follows:

T1[f2](g) = T 0
1 (g) + εT 1

1 [f2](g), (2.4)

where T i
1 for i = 0, 1 is given by

T i
1 (g) =

∫

V

[
T i

1g(t, x, v∗) − T i
1

∗
g(t, x, v)

]
dv∗, (2.5)

with T i
1
∗

= T i
1(v

∗, v).
The dependence on f2 of the operator T1[f2] stems from T 1

1 , while we suppose that T 0
1 is

independent on f2.
Let us now first state some detailed assumptions on the turning operator Ti(i = 1, 2).

Assumption 2.1. We assume that the turning operators T1 and T2 satisfy
∫

V

T1(g)dv =

∫

V

T 0
1 (g)dv =

∫

V

T 1
1 [f2](g)dv =

∫

V

T2(g)dv = 0. (2.6)

Some definitions and further assumptions are necessary to develop the asymptotic analysis
leading to the derivation of macroscopic models.

Assumption 2.2. There exists a bounded velocity distribution Mi(v) > 0, i = 1, 2 independent of
t, x, such that the detailed balance

T 0
1 (v, v∗)M1(v

∗) = T 0
1 (v∗, v)M1(v), (2.7)

and
T2(v, v∗)M2(v

∗) = T2(v
∗, v)M2(v) (2.8)

holds. Moreover, the flow produced by these equilibrium distributions vanishes, and Mi are nor-
malized, i.e. ∫

V

v Mi(v)dv = 0,

∫

V

Mi(v)dv = 1, i = 1, 2. (2.9)
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In addition, the kernels T 0
1 (v, v∗) and T2(v, v∗) are bounded, and there exists a constant σi > 0,

i = 1, 2, such that

T 0
1 (v, v∗) ≥ σ1M1(v), T2(v, v∗) ≥ σ2M2(v), (2.10)

for all (v, v∗) ∈ V × V , x ∈ Ω and t > 0.

Let now L1 = T 0
1 and L2 = T2. Technical calculations, see [2], namely by integration over v,

interchanging v by v∗, and using (2.7)-(2.8), yields the following equality:
∫

V

Li(g)
h(v)

Mi(v)
dv =

1

2

∫

V

∫

V

Ψ[Mi]

(
g(v∗)

Mi(v∗)
− g(v)

Mi(v)

)

×
(

h(v)

Mi(v)
− h(v∗)

Mi(v∗)

)
dv dv∗, (2.11)

where
Ψ[M1] =

1

2

(
T 0

1 (v, v∗)M1(v∗) + T 0
1 (v∗, v)M1(v)

)
,

Ψ[M2] =
1

2

(
T2(v, v∗)M2(v∗) + T2(v∗, v)M2(v)

)
.

In particular Eq.(2.11) shows that the operators Li, (i = 1, 2) are a self-adjoint and the follow-
ing equality:

−
∫

V

Li(h)
h(v)

Mi(v)
dv =

1

2

∫

V

∫

V

Ψ[Mi]

(
h(v)

Mi(v)
− h(v∗)

Mi(v∗)

)2

dv dv∗ ≥ 0, (2.12)

holds true.
Moreover, for

∫
V

h(v) dv = 0, Eq.(2.12) and the estimate (2.10) yield the following inequality:

−
∫

V

Li(h)
h(v)

Mi(v)
dv ≥ σi

2

∫

V

∫

V

Mi(v)Mi(v
∗)

(
h(v)

Mi(v)
− h(v∗)

Mi(v∗)

)2

dv dv∗

≥ σi

∫

V

h2(v)

Mi(v)
dv, i = 1, 2, (2.13)

which shows that Li is a Fredholm operator in the space L2(V, dv
Mi(v)

). Therefore, the following
result defines the properties of the operator Li:

Lemma 1. Suppose that Assumptions 2.2 hold. Then, the following properties of the operators L1

and L2 hold true:

i) The operator Li is self-adjoint in the space L2

(
V,

dv

Mi

)
.

ii) For f ∈ L2, the equation Li(g) = f , i = 1, 2, has a unique solution g ∈ L2

(
V,

dv

Mi

)
, which

satisfies ∫

V

g(v) dv = 0 if and only if
∫

V

f(v) dv = 0.

.
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iii) The equation Li(g) = v Mi(v), i = 1, 2, has a unique solution that we call θi(v).

iv) The kernel of Li is N(Li) = vect(Mi(v)), i=1,2.

2.3. A kinetic-fluid formulation
In this subsection, we show that the kinetic equation (2.3) can be equivalently written as a system
coupling a hydrodynamic part with a kinetic part of the distribution functions.

In what follows the integral with respect to the variable v will be denoted by 〈.〉, and let

n(t, x) =

∫

V

f1dv, S(t, x) =

∫

V

f2dv,

and f = (f1, f2) be a solution of (2.3). We compose f as follows

f1 = M1(v)n + εg1, f2 = M2(v)S + εg2, (2.14)

then 〈gi〉 = 0, i = 1, 2, and one has:

∂t(M1n) + ε∂tg1 +
1

ε
vM1 · ∇xn + v · ∇xg1 =

1

εp
T 0

1 (g1)

+
1

εp
T 1

1 (f2)(M1(v)n) +
1

εp−1
T 1

1 (f2)(g1), (2.15)

and
∂t(M2S) + ε∂tg2 +

1

ε
vM2 · ∇xS + v · ∇xg2 =

1

εq
T2(g2). (2.16)

Now, we use a projection technique to separate the macroscopic and microscopic quantities
n(t, x), S(t, x) and g1(t, x, v), g2(t, x, v). Moreover, let PM1 , PM2 denote respectively the orthog-
onal projection onto N(T 0

1 ), and N(T2). Then

PMi
(h) = 〈h〉Mi, i = 1, 2 for any h ∈ L2(V,

dv

Mi(v)
),

so that one has the following:

Lemma 2. One has the following properties for the projection PMi
, i = 1, 2:

(I − PM1)(M1n) = (I − PM2)(M2S) = PMi
(gi) = 0, i = 1, 2,

(I − PM1)(vM1 · ∇xn) = vM1 · ∇xn,

(I − PM2)(vM2 · ∇xS) = vM2 · ∇xS,

(I − PM1)(T 1
1 (f2)(M(v)n) = T 1

1 (f2)(M(v)n),

(I − PM1)(T 1
1 (f2)(g)) = T 1

1 (f2)(g),

(I − PM2)(T2(g)) = T2(g).
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Proof. The firsts equality are trivial since PMi
(Mi) = Mi, and 〈gi〉 = 0. As the flux produced by

Mi is zero then
(I − PM1)(vM1 · ∇xn) = vM1 · ∇xn,

and
(I − PM2)(vM2 · ∇xS) = vM2 · ∇xS.

Using (2.6), one deduce that

PM1(T 1
1 (f2)(h)) = PM2(T2(h)) = 0,

for any h ∈ L2(V, dv
Mi

), and then the last three equality are proved.

Inserting the operators I − PM1 , and I − PM2 respectively into Eq.(2.15), Eq.(2.16) and using
the above lemma, yields:

ε∂tg1 +
1

ε
vM1 · ∇xn + (I − PM1)(v · ∇xg1) =

1

εp
T 0

1 (g1)

+
1

εp
T 1

1 (f2)(M1(v)n) +
1

εp−1
T 1

1 (f2)(g1), (2.17)

ε∂tg2 +
1

ε
vM2 · ∇xS + (I − PM2)(v · ∇xg2) =

1

εq
T2(g2). (2.18)

Integrating (2.15), (2.16) over v, using (2.6), yields:

∂tn + 〈v · ∇xg1〉 = 0, (2.19)

∂tS + 〈v · ∇xg2〉 = 0. (2.20)

Then the micro-macro formulation finally reads



ε∂tg1 + 1
ε
vM1 · ∇xn + (I − PM1)(v · ∇xg1) =

1
εpT 0

1 (g1) + 1
εpT 1

1 (f2)(M1(v)n) + 1
εp−1T 1

1 (f2)(g1),

∂tn + 〈v · ∇xg1〉 = 0,

ε∂tg2 + 1
ε
vM2 · ∇xS + (I − PM2)(v · ∇xg2) = 1

εqT2(g2),

∂tS + 〈v · ∇xg2〉 = 0.

(2.21)

Equations (2.21) represent the micro-macro formulation of the kinetic equation (2.3). The
following proposition shows that this formulation is indeed equivalent to the kinetic equation (2.3).

Proposition 3. i) Let f = (f1, f2) be a solution of the kinetic equation (2.3). Then the functions
(n, g1, S, g2), where n = 〈f1〉, S = 〈f2〉 and g1 = 1

ε
(f1 − M1n), g2 = 1

ε
(f2 − M2S) is a solution

to a coupled system (2.21) with the associated initial data.

n(t = 0) = n0 = 〈f10〉, g1(t = 0) = g10 =
1

ε
(f10 − M1n0), (2.22)
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S(t = 0) = S0 = 〈f20〉, g2(t = 0) = g20 =
1

ε
(f20 − M2S0). (2.23)

ii) Conversely, if (n, g1, S, g2) satisfies system (2.21) with initial data (n0, g10, S0, g20) such that
〈g10〉 = 〈g20〉 = 0, then f1 = M1n + εg1, f2 = M2S + εg2 is a solution to kinetic model (2.3)
with initial data f10 = M1n0 + εg10, f20 = M2S0 + εg20 and we have n = 〈f1〉, S = 〈f2〉 and
〈g1〉 = 〈g2〉 = 0.

Proof. The proof of i) is already detailed above. For the proof ii) consider (n, g1, S, g2) solution of
(2.21). Setting f1 = M1n + εg1, f2 = M2S + εg2, it can be shown that f = (f1, f2) is a solution
of kinetic model (2.3). From (2.21), one has

∂tf1 − M1(v)∂tn +
1

ε
vM1 · ∇xn + v · ∇xg1 − PM1(v · ∇xg1) =

1

εp
T 0

1 (g1)

+
1

εp
T 1

1 [f2](M1(v)n) +
1

εp−1
T 1

1 [f2](g1).

Therefore
∂tf1 − M1(v)∂tn +

1

ε
v · ∇xf1 − M1(v)〈v · ∇xg1〉 =

1

εp
T1[f2](f1).

Using Eq.(2.19) yields the first equation for f1 in (2.3), while the property 〈g1〉 = 0 is obtained
by noting that

〈(I − PM1)(v · ∇xg1)〉 = 0.

Then integrating Eq.(2.17) over v, yields

∂t〈g1〉 = 0,

which gives the result by using the property of the initial data.
The same techniques applied to Eq.(2.18) for the second population completes the proof of

Proposition.

In order to develop asymptotic analysis of Eqs.(2.3), one needs additional assumptions on the
operator T 1

1 .

Assumption 2.3.We assume that the turning operators T 1
1 satisfy the following asymptotic behav-

ior:
T 1

1 [M2(v)S + εg2] = T 1
1 [M2(v)S] + O(ε), as ε −→ 0. (2.24)

2.4. Derivation of a general macroscopic models
Here, we rapidly show that the micro-macro formulation (2.21) of the kinetic equation (2.3) allows
to obtain very easily the corresponding macroscopic models as ε goes to 0, without using the
Hilbert expansion. Indeed, Eqs.(2.21) give

T 0
1 (g1) = εp−1vM1 · ∇xn − T 1

1 [f2](M1(v)n) + O(ε),
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T2(g2) = εq−1vM2 · ∇xS + O(εq).

As
〈vM1〉 = 〈vM2〉 = 〈T 1

1 [f2](M1(v)n)〉 = 0,

then T 0
1 , and T2 are invertible and one obtains:

g1 = εp−1(T 0
1 )−1(vM1 · ∇xn) − (T 0

1 )−1(T 1
1 [f2](M1(v)n)) + O(ε), (2.25)

g2 = εq−1(T2)
−1(vM2 · ∇xS) + O(εq). (2.26)

Using (2.24), and inserting (2.25)-(2.26) into (2.21), yields the following macroscopic models:



∂tn + εp−1 〈v · ∇x(T 0
1 )−1(vM1 · ∇xn)〉

− 〈v · ∇x(T 0
1 )−1(T 1

1 [M2(v)S](M1(v)n))〉 + O(ε) = 0,

∂tS + εq−1 〈v · ∇x(T2)
−1(vM2 · ∇xS)〉 + O(εq) = 0.

(2.27)

Lemma 4. Suppose that Assumptions 2.2 hold for T 0
1 , and T2. Then One has the following identi-

ties: 〈
v · ∇x(T 0

1 )−1(vM1 · ∇xn)

〉
= divx

(
〈v ⊗ θ1(v)〉 · ∇xn

)
,

〈
v · ∇x(T2)

−1(vM2 · ∇xS)

〉
= divx

(
〈v ⊗ θ2(v)〉 · ∇xS

)
,

〈
v · ∇x(T 0

1 )−1(T 1
1 [M2(v)S](M1(v)n))

〉
= divx

〈
θ1(v)

M1(v)
nT 1

1 [M2(v)S](M1(v))

〉
,

where θ1 and θ2 are given in Lemma 1.

Proof. For the first and second identities, we use Lemma 1. As T 0
1 is a self adjoint operator in

L2( dv
M1(v)

), one has

〈
v · ∇x(T 0

1 )−1(T 1
1 [M2(v)S](M1(v)n))

〉

=

〈
vM1(v) · ∇x

M1(v)
(T 0

1 )−1(T 1
1 [M2(v)S](M1(v)n))

〉

=

〈
T 1

0 (θ1(v)) · ∇x

M1(v)
(T 0

1 )−1(T 1
1 [M2(v)S](M1(v)n)))

〉

= divx

〈
θ1(v)

M1(v)
nT 1

1 [M2(v)S](M1(v))

〉
.

This completes the proof.

One has the following result:
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Theorem 5. Let f = (f1, f2) be a solution to the kinetic equation (2.3) such that, when it is
written according to formula (2.14), Assumptions 2.1-2.2 hold. Then the macroscopic variables
(n, S), where n = 〈f1〉 and S = 〈f2〉, are solution to the coupled macroscopic system:




∂tn + divx (nα(S) − εp−1Dn · ∇xn) + O(ε) = 0,

∂tS − εq−1divx(DS · ∇xS) + O(εq) = 0,
(2.28)

with initial data given by:

n(t = 0) = n0 = 〈f10〉, S(t = 0) = S0 = 〈f20〉, (2.29)

where α(S) is given by

α(S) = −
∫

V

θ1(v)

M1(v)
T 1

1 (M2(v)S)(M1(v))dv, (2.30)

and where the diffusion coefficients Dn and DS are symmetric, positive definite, and given by

Dn = −
∫

V

v ⊗ θ1(v)dv, DS = −
∫

V

v ⊗ θ2(v)dv. (2.31)

Proof. Using Proposition 3, Lemma 4, and (2.27), yields the macroscopic models (2.28)-(2.31). In
order to verify that Dn and DS are symmetric and positive defined, let us consider x ∈ Rd. Then,
from (2.31) and by using (2.13), one has

Dnx · x = −
∫

V

(θ1(v) · x)(v · x) dv = −
∫

V

T 0
1 (θ1(v) · x)(θ1(v) · x)

dv

M1(v)

≥ σ1

∫

V

(θ1(v) · x)2 dv

M1(v)
,

and

DSx · x = −
∫

V

T2(θ2(v) · x)(θ2(v) · x)
dv

M2(v)

≥ σ2

∫

V

(θ2(v) · x)2 dv

M2(v)
.

If Dnx · x were identically equal to zero for x �= 0, then v · x would be zero for all v ∈ V ,
which is impossible due to the spherical symmetry of V . The symmetry of Dn is an immediate
consequence of that T 1

0 is self-adjoint with respect to the scalar product in L2(V, dv
M1(v)

). This
completes the proof.

Remark 6. In general Dn and DS are not isotropic (there are not scalar factor of the identity
matrix). An example where the tensors Dn and DS are isotropic will be given in Sec 4. The
approach we have developed is quite general. Some more specific examples are reported in Section
4.
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Now, we extend the kinetic-fluid formulation developed in Section 3 to models with death/birth
process, and we show after some assumptions on the interactions operators that a new class of
macroscopic models incorporating new terms can be obtained. Finally, several examples motivated
in the choice of the transport and interactions operators involved in our general kinetic model are
reported in Sections 4 and 5.

3. Binary mixture with biological interactions
Let us consider a binary mixture of cells where the output of interactions includes birth-death
processes, adding (

∂f

∂t

)

bd

= (G1(f1, f2, v), G2(f1, f2, v))

to the right hand side of (2.3), thus we consider the following class of equations modeling the
dynamics of f = (f1, f2):




(
ε∂t + v · ∇x

)
f ε

1 = 1
εpT1[f

ε
2 ](f ε

1 ) + G1(f
ε
1 , f ε

2 , v),

(
ε∂t + v · ∇x

)
f ε

2 = 1
εqT2(f

ε
2 ) + G2(f

ε
1 , f ε

2 , v),
(3.1)

where the operator Ti was already described in Section 2. Moreover the operators Gi, i = 1, 2,
which describe the gain–loss balance of cells, chemoattractant, molecules, etc., are supposed to
satisfy the following:

Assumptions 3.1.We assume that the operators Gi satisfy the following:

Gi(f1, f2, v) = Gi1(f1, f2, v) + εGi2(f1, f2, v), i = 1, 2, (3.2)

where ∫

V

Gi1(f1, f2, v)dv = 0, i = 1, 2, (3.3)

moreover Gi1 is assumed to satisfy the following: when ε → 0:

Gij(M1(v)n + εg1, M2(v)S + εg2, v) = Gij(M1(v)n, M2(v)S, v) + O(ε), i, j = 1, 2. (3.4)

3.1. Micro-macro decomposition, and derivation of a general macroscopic
model

A development of micro-macro decomposition is treated in the following thus obtaining different
macro-scale models. Let us now consider, referring to Eqs. (3.1), the equations for g1, g2, and for
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the first moments n, S, which, instead of (2.21), the micro-macro formulation reads:



ε∂tg1 + 1
ε
vM1 · ∇xn + (I − PM1)(v · ∇xg1) = 1

εpT 0
1 (g1)

+
1

εp
T 1

1 [f2](M1(v)n) +
1

εp−1
T 1

1 [f2](g1)

+
1

ε
G11(f1, f2, v) + (I − PM1)G12(f1, f2, v),

∂tn + 〈v · ∇xg1〉 = 〈G12(f1, f2, v)〉,

ε∂tg2 + 1
ε
vM2 · ∇xS + (I − PM2)(v · ∇xg2) = 1

εqT2(g2)

+
1

ε
G21(f1, f2, v) + (I − PM2)G22(f1, f2, v),

∂tS + 〈v · ∇xg2〉 = 〈G22(f1, f2, v)〉.

(3.5)

Using (3.4), the following equations for g1 and g2 can be obtained from (3.5):

ε∂tg1 +
1

ε
vM1 · ∇xn + (I − PM1)(v · ∇xg1) =

1

εp
T 0

1 (g1)

+
1

εp
T 1

1 [f2](M1(v)n) +
1

εp−1
T 1

1 [f2](g1)

+
1

ε
G11(M1n, M2S, v) + (I − PM1)G12(f1, f2, v) + O(1), (3.6)

and

ε∂tg2 +
1

ε
vM2 · ∇xS + (I − PM2)(v · ∇xg2) =

1

εq
T2(g2)

+
1

ε
G21(M1n, M2S, v) + (I − PM2)G22(f1, f2, v) + O(1). (3.7)

Then using (2.6), (3.3), and (3.6)-(3.7) yields the following:

g1 = εp−1(T 0
1 )−1(vM1 · ∇xn) − (T 0

1 )−1(T 1
1 (f2)(M1(v)n))

− εp−1(T 0
1 )−1(G11(M1n, M2S), v) + O(ε), (3.8)

and
g2 = εq−1(T2)

−1(vM2 · ∇xS) − εq−1(T2)
−1(G21(M1n, M2S, v)) + O(ε). (3.9)

Inserting (3.8), and (3.9) into (3.5), yields the following nonlinear coupled macro-scale models:
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



∂tn + εp−1
〈
v · ∇x(T 0

1 )−1(vM1 · ∇xn)
〉
−

〈
v · ∇x(T 0

1 )−1(T 1
1 [M2(v)S](M1(v)n))

〉

−εp−1
〈
v · ∇x(T 0

1 )−1(G11(M1n, M2S, v))
〉

= 〈G12(M1n, M2S, v)〉 + O(ε),

∂tS + εq−1
〈
v · ∇x(T2)

−1(vM2 · ∇xS)
〉

−εq−1
〈
v · ∇x(T2)

−1(G21(M1n, M2S, v))〉 = 〈G22(M1n, M2S, v)
〉

+ O(ε).

(3.10)

Now using the equality

〈
v · ∇x(T 0

1 )−1(Gi1(M1n, M2S))
〉

= divx

〈
θi(v)

Mi(v)
Gi1(M1n, M2S, v)

〉
, i = 1, 2,

and Lemma 4, yields the following macro-scale models:



∂tn + divx (nα(S) + εp−1(Γ(n, S) − Dn · ∇xn)) − H1(n, S) + O(ε) = 0,

∂tS + εq−1divx(β(n, S) − DS · ∇xS) − H2(n, S) + O(ε) = 0,
(3.11)

where Dn, DS , α(S) are given respectively by (2.31), and (2.30), and Γ(n, S), β(n, S), H1(n, S),
and H2(n, S) are given by the following:

Γ(n, S) = −
∫

V

θ1(v)

M1(v)
G11(M1n, M2S, v)dv, (3.12)

β(n, S) = −
∫

V

θ2(v)

M2(v)
G21(M1n, M2S, v)dv, (3.13)

H1(n, S) =

∫

V

G12(M1n, M2S, v)dv, H2(n, S) =

∫

V

G22(M1n, M2S, v)dv. (3.14)

Remark 7. 1. The approach we have developed above is quite general, while more specific ex-
amples can be given. In particular, a suitable choice of the turning operators T 0

1 , T 1
1 , T2, and

Gij, i, j = 1, 2 allows us to recover the Keller-Segel, chemotaxis model, models describing the
evolution of a population under chemotactic effects with non-local reaction terms, pressureless
hyperbolic description (direct drift coupling), and models for optimal drift following the chemoat-
tractant.
2. Models (3.11)-(3.14) differ from those obtained from a classical chemotaxis models by the
terms divxΓ, and divxβ. These terms are very important to integrate in the modeling approach,
in detail we will develop a new mesoscopic modelling approach for a coupled chemotaxis-fluid
incorporating these terms which will be analysed at the end of the paper.

In the next examples some nonlinear macro-scale models are derived based on appropriate
assumptions on a relaxation properties of the turning operators T 0

1 and T2.
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4. Examples

4.1. Examples for linear turning kernels
Specific models for turning kernels and compute explicit formulas for the macroscopic transport
coefficients are analysed in this subsection.

4.1.1. Example I: A general model for kernels with time relaxation

Let us first consider the following task for the probability kernels:

T 0
1 (v, v∗) = σ1M1(v), T2(v, v∗) = σ2M2(v), σ1, σ2 > 0. (4.1)

Consequently, the leading turning operators T 1
0 and T2 become relaxation operators:

T 0
1 (g) = −σ1

(
g − 〈g〉M1

)
, T2(g) = −σ2

(
g − 〈g〉M2

)
. (4.2)

In particular, θ1 and θ2 are given by

θ1(v) = − 1

σ1

vM1(v), θ2(v) = − 1

σ2

vM2(v).

Moreover α, Γ, and β given by (2.30), (3.12), and (3.13) become:

α(S) =
1

σ1

∫

V

vT 1
1 [M2S](M1)(v), (4.3)

Γ(n, S) =

∫

V

v

σ1

G11(M1n, M2S, v)dv, β(n, S) =

∫

V

v

σ2

G21(M1n, M2S, v)dv, (4.4)

while the diffusion tensors Dn and DS are given by

Dn =
1

σ1

∫

V

v ⊗ vM1(v)dv, DS =
1

σ2

∫

V

v ⊗ vM2(v)dv. (4.5)

We will examine several forms for the dependence of the kernel on f2 and its gradient, some of
which lead to the classical systems such as chemotaxis models.

4.1.2. Example II: Some fundamentals of Chemotaxis

The relaxation kernels presented in Section 2, together with the choice

T 1
1 [f2] = K f2

M2

(v, v∗) · ∇x
f2

M2

, (4.6)

where K f2
M2

(v, v∗) is a vector valued function satisfying the following behavior

KS+ε
g2
M2

= KS + O(ε), as ε → 0. (4.7)
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Then T 1
1 satisfies (2.24), and leads to the model

T 1
1 [M2S](M1) = δ(v, S) · ∇xS,

where
δ(v, S) =

∫

V

(
KS(v, v∗)M1(v

∗) − KS(v∗, v)M1(v)
)
dv∗.

Finally, the function α(S) in (4.3) is given by

α(S) = χ(S) · ∇xS,

where the chemotactic sensitivity χ(S) is given by the matrix

χ(S) =
1

σ1

∫

V

v ⊗ δ(v, S)dv. (4.8)

Therefore, chemotaxis type models incorporating a new terms are obtained:



∂tn + divx (n χ(S) · ∇xS + εp−1(Γ(n, S) − Dn · ∇xn))

−H1(n, S) + O(ε) = 0,

∂tS + εq−1divx(β(n, S) − DS · ∇xS) − H2(n, S) + O(ε) = 0.

(4.9)

4.1.3. Example III: Keller Segel models

Let p = q = 1, and G11 = G21 = 0, then Γ(n, S) = β(n, S) = 0, and then from (4.9) one has the
following macro-scale type models up to ε:




∂tn + divx (n χ(S) · ∇xS − Dn · ∇xn) − H1(n, S) + O(ε) = 0,

∂tS − DS∆S − H2(n, S) + O(ε) = 0.
(4.10)

The role of the functions H1(n, S) and H2(n, S) in (4.10) consists in modelling the interaction
between both quantities. For example, the Slime Mold Amebae produce themselves the chemoat-
tractant when nourishment lacks [29]. These phenomena can be obtained from (3.1) by choosing:

G12 = 0, G22(f1, f2) = af1 − bf2, a, b ≥ 0.

Therefore, one has:

H2(n, S) =

∫

V

G22(M1n, M2S, v)dv = a n − b S,

while the macroscopic model (2.28) writes:



∂tn + divx (n χ(S) · ∇xS − Dn · ∇xn) + O(ε) = 0,

∂tS − DS∆S = an − bS + O(ε).
(4.11)
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4.1.4. Example IV: On a competitive system under chemotactic effects with non-local terms

In this example we try to obtain a system of partial differential equations describing the evolution
of a population under chemotactic effects with non-local reaction terms [34], [38]. This model
extend the Parabolic Keller-Segel system by introducing non-local terms in the logistic growth
factor. We denote by n the density of the population of living organisms which satisfies a parabolic
equation with constant diffusion and chemotactic sensitivity χ. The equation presents a growth
factor of logistic type defined in terms of the total mass of the population (the non-local term). If
we denote the chemoattractant substance by S, the equation is as follows:




∂tn + divx (n χ(S) · ∇xS − Dn · ∇xn) = n(a0 + a1n − a2

|Ω|

∫
Ω

n dx),

∂tS − DS∆S = n − S,

(4.12)

for a0 and a1 positive, a2 ∈ R. The coefficient a0, sometimes also called Malthusian parame-
ter, induces an exponential growth for low density populations. At the time that the population
grows, the competitive effect of the local term a1n becomes more influential. The non-local term
n a2

|Ω|

∫
Ω

ndx describes the influence of the total mass of the species in the growth of the population.
Now consider the model (3.1)-(3.3), with

G12(f1, f2, v) = f1

(
a0 + f1

a1∫
V

M2
1 dv

− a2

| Ω |

∫

Ω

ndx

)
, G22(f1, f2, v) = f1 − f2,

with n(t, x) =
∫

V
f1(t, x, v)dv. Therefore, one has:

H1(n, S) =

∫

V

G12(M1n, M2S, v)dv = n

(
a0 + a1n − a2

| Ω |

∫

Ω

ndx

)
,

H2(n, S) =

∫

V

G22(M1n, M2S, v)dv = n − S,

and the macroscopic model (2.28) gives (4.12) up to ε.

4.1.5. Example V: Pressureless hyperbolic description (direct drift coupling)

In this example we try to obtain a model that preserves a drift term for the first population produced
by the concentration gradient of the other population (think for example in chemical substance),
but eliminating the diffusion effects.

Let now p > 1, q = 1, and G21 = 0, then β(n, S) = 0, and then from (4.9) one has the
following macro-scale model:




∂tn + divx (n χ(S) · ∇xS) = H1(n, S) + O(ε),

∂tS − DS∆S = H2(n, S) + O(ε).
(4.13)
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4.1.6. Example VI: Optimal drift following the chemoattractant (different regimes for the
optimal drift)

More general one consider a regularization of the PKS model, which is based on a fundamental
biological property of the chemotactic flux function-its boundedness (this feature is almost always
lost in weakly nonlinear, small gradients expansions, underlying the derivation of most continuum
models). To derive the modified system we replace the linear chemotactic flux χn∇xS by a non-
linear saturated one, χnQ(∇xS), which is proportional to the magnitude of the chemoattractant
gradient only when the latter is small and is bounded when the chemoattractant gradient tends to
infinity. The regularized model then reads:

{
∂tn = ∇x(Dn∇xn − n χ(S) Q(∇xS)) + H1(n, S),

∂tS − DS∆S = H2(n, S),
(4.14)

where a smooth bounded chemotactic flux function Q(x) = (Q1(x), ....., Dd(x)), and
x = (x1, ....., xd)

T , satisfies the following properties:

Q(0) = 0, |Qi| ≤ Ci,
∂Qi

∂xi

> 0, i = 1, ....d, (4.15)

where Ci are constants. This regularization is similar to the one proposed in [17] for the PKS
system.

The synthesized form of the saturated flux is a Pade approximate which connects universal
features present at both very small and very large gradients. There is a certain arbitrariness in the
choice of the chemotactic flux function Q. A typical example of such function (see [17])

Q(∇xS) =




∇xS, if |∇xS| ≤ x�,

(
|∇xS| − x�

√
1 + |∇xS − x�|2

+ x�

)
∇xS

|∇xS|
, if |∇xS| > x�,

(4.16)

where x� is a switching parameter, which defines a small gradient values, for which the system
(4.14) reduces to the original PKS system (2.28) so that the effect of saturated chemotactic flux
function is felt at large gradient regimes only. Note that when x� = 0, the flux (4.16) becomes a
mean curvature type function:

Q(∇xS) =
∇xS√

1 + |∇xS|2
.

We investigate how the classical chemotaxis equations (4.14)-(4.15), which describe the population-
level response to external chemical signals, can be obtained from the microscopic description deliv-
ered by model (3.1), as well as some more precise approaches to the several phenomena described
in the previous items. If we combine the relaxation kernels presented in (4.1) with

T 1
1 [f2] = K f2

M2

(v, v∗) · Q(∇x(
f2

M2

)), (4.17)
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where K satisfies (4.7), and Q satisfies (4.15), and moreover assumed to satisfy the following:

Q(x + εy) = Q(x) + O(ε), as ε → 0. (4.18)

Then T 1
1 satisfies (2.24), and consequently, chemotaxis type models for optimal drift following the

chemoattractant are obtained:



∂tn + divx (n χ(S) · Q(∇xS) + εp−1(Γ(n, S) − Dn · ∇xn))

−H1(n, S) + O(ε) = 0,

∂tS + εq−1divx(β(n, S) − DS · ∇xS) − H2(n, S) + O(ε) = 0.

(4.19)

Let p = q = 1, and G11 = G21 = 0, then Γ(n, S) = β(n, S) = 0, and then from (4.19),
macro-scale models (4.14) up to ε are obtained.

5. A coupled chemotaxis-fluid model

5.1. A macro-scale model of chemotaxis-fluid
Aquatic bacteria like Bacillus subtilis are heavier than water yet they are able to swim up an oxygen
gradient and concentrate in a layer below the water surface, which will undergo RayleighTaylor-
type instabilities for sufficiently high concentrations. In the literature, a simplified chemotaxis-fluid
system has been proposed as a model for bioconvection in modestly diluted cell suspensions. It
couples a convective chemotaxis system for the oxygen-consuming and oxytactic bacteria with the
incompressible Navier-Stokes equations subject to a gravitational force proportional to the relative
surplus of the cell density compared to the water density. In Hill, Pedley [26], Dombrowski et al.
[19], Chertock et al. [16] and Tuval et al. [39], several related coupled chemotaxisfluid model sys-
tems have been proposed to describe the collective behaviour of a suspension of oxytactic bacteria
in an incompressible fluid under the assumptions that the contribution of bacteria to the bacteria-
fluid suspension is sufficiently small (since the density of the bacteria suspension is approximately
equal to the density of the fluid) and that more detailed cell-cell interactions (such as hydrodynamic
interaction) are neglected. This collective behaviour is also known as bio-convection, and can be
described by the following system:




∂tn + u · ∇xn = δ∆n − divx(nχ(S) · ∇xS),

∂tS + u · ∇xS = µ∆S − k(S)n,

∂tu + u · ∇xu + ∇xp = ν∆u − n∇xφ,

divxu = 0.

(5.1)
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Here, the unknowns are n = n(t, x), S = S(t, x), u(t, x) : R+ × Ω −→ Rd and p = p(t, x) :
R+ × Ω −→ R, denoting the cell density, chemical concentration, velocity field and pressure of
the fluid, respectively. Ω ⊂ Rd is a spatial domain where the cells and the fluid move and interact.
Positive constants δ, µ and ν are the corresponding diffusion coefficients for the cells, chemical
and fluid. χ(S) is the chemotactic sensitivity and k(S) is the consumption rate of the chemical by
the cells. φ = φ(x) is a given potential function accounting the effects of external forces such as
gravity.

It can be noticed from (5.1) that chemotaxis and fluid are coupled through both the transport of
the cells and the chemical u · ∇xn, u · ∇xS by the fluid and the external force −n∇xφ exerted on
the fluid by the cells.

5.2. A general approach toward micro-macro derivation of chemotaxis-fluid
phenomena

This subsection presents a general approach to the derivation of macro-scale tissue models, where
the movement of cells is induced by additional bio-chemical substances which are homogeneously
distributed in space with a density that evolves in time due both to interactions and natural decay.
This mathematical structure will be subsequently used to derive macro-scale models including
those reviewed in Subsection 5.1. The contents is presented in three subsections, the first one
proposes a two-scale model kinetic and continuous, the following one derives a general model
for a variety of chemotaxis phenomena, while the last one shows how the approach leads, under
appropriate assumptions, to the model (5.1).

5.2.1. A two-scale kinetic-continuous framework

Now consider the two scale kinetic-macro models given in the following:



(
ε∂t + v · ∇x

)
f ε

1 = 1
εpT1[f

ε
2 ](f ε

1 ) + G1(f1, f2, u, v),

(
ε∂t + v · ∇x

)
f ε

2 = 1
εqT2(f

ε
2 ) + G2(f1, f2, u, v),

∂tu + u · ∇xu + ∇xp = ν∆u − n∇xφ,

divxu = 0,

(5.2)

where f1, f2 denote the density of cell, and chemical concentration, depending on time t, position
x ∈ Ω ⊂ Rd and velocity v ∈ V ⊂ Rd. The functions u(t, x), and p(t, x) denote velocity field and
pressure of the fluid, while G1, G2 are interactions terms that we suppose depending on the fluid
velocity u, and assumed to satisfy the following:

Gi(f1, f2, u, v) = Gi1(f1, f2, u, v) + εGi2(f1, f2, v), i = 1, 2, (5.3)

where ∫

V

Gi1(f1, f2, u, v)dv = 0, i = 1, 2, (5.4)
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and Gi1 are assumed to satisfy the following behavior as ε → 0:

Gij(M1(v)n+εg1, M2(v)S+εg2, u, v) = Gij(M1(v)n, M2(v)S, u, v)+O(ε), i, j = 1, 2. (5.5)

The operators T1, T2 are still given by (2.2), and assumed to satisfy Assumptions (2.4)-(2.10).

5.2.2. Derivation of a general chemotaxis-fluid model

The results of Section 4 can be applied to (5.2) to deduce finally the macro-scale chemotaxis-fluid
type models given by the following:




∂tn + divx (n α(S) + εp−1(Γ(n, S, u) − Dn · ∇xn)) − H1(n, S) + O(ε) = 0,

∂tS + εq−1divx(β(n, S, u) − DS · ∇xS) − H2(n, S) + O(ε) = 0,

∂tu + u · ∇xu + ∇xp = ν∆u − n∇xφ,

divxu = 0.

(5.6)

where α, Γ, β, Dn, Ds, and H1, H2 are given respectively by (4.3)-(4.5) and H1, H2 are still given
by (3.14).

The approach we have developed is quite general. A specific example (5.1) is reported in the
following.

5.2.3. Example: Derivation of coupled chemotaxis-fluid model

As an example of the above analysis, we consider the case where the set for velocity is the sphere
of radius r > 0, V = rSd−1. Let (f1, f2, u) be a solution of (5.2), where we assume that the kernels
T 1

1 [f2] is given by (4.6), and T 0
1 (v, v′) = σ1

|V | , T2(v, v′) = σ2

|V | , (σ1, σ2 > 0). Then the operators
T 0

1 (f), and T2(f) are the relaxation operators:

T 0
1 (f) =

σ1

| V |

(
〈f〉− | V | f(v)

)
, (5.7)

T2(f) =
σ2

| V |

(
〈f〉− | V | f(v)

)
. (5.8)

In particular Assumptions 2.1 and 2.2 are satisfied, and the solutions θ1(v), and θ2(v) of T 0
1 (θ1(v)) =

vM1(v), and T2(θ2(v)) = vM2(v) are given by

θ1(v) = − v

| V | σ1

, θ2(v) = − v

| V | σ2

.

Therefore the diffusion tensors Dn and DS are isotropic and are given by:

Dn =
1

| V | σ1

∫

V

v ⊗ vdv =
r2

σ1d
I, DS =

1

| V | σ2

∫

V

v ⊗ vdv =
r2

σ2d
I.
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Let now

G11(f1, f2, u, v) =
dσ1

r2 | V |
〈f1〉 v · u, G21(f1, f2, u, v) =

σ2d

r2 | V |
〈f2〉 v · u. (5.9)

It is plain that G11 and G21 satisfies (5.4)-(5.5), and then the terms Γ and β can be computed from
(3.12)-(3.13) as follows:

Γ(n, S, u) =
d

r2 | V |

∫

V

v(v · u)ndv =
d

r2 | V |
(

∫

V

v ⊗ vdv) · (nu) = nu,

β(n, S, u) =
d

r2 | V |

∫

V

v(v · u)Sdv =
d

r2 | V |
(

∫

V

v ⊗ vdv) · (Su) = Su.

Moreover, as divxu = 0 then one has

divx(Γ(n, S, u)) = u · ∇xn, divx(β(n, S, u)) = u · ∇xS. (5.10)

In detail, let us consider in (5.2) the following:

G12 = 0, G22(f1, f2, v) = −k(| V | f2)f1.

Therefore
H1(n, S) = 0, H2(n, S) = − 1

| V |

∫

V

k(S)ndv = −k(S)n. (5.11)

Finally, letting p = q = 1 in (5.6), using (5.10)-(5.11), one obtains the macroscopic coupled
chemotax-is-fluid model model (5.1) up to ε:




∂tn + u · ∇xn = δ∆n − divx(nχ(S) · ∇xS) + O(ε),

∂tS + u · ∇xS = µ∆S − k(S)n, + O(ε),

∂tu + u · ∇xu + ∇xp = ν∆u − n∇cφ,

divxu = 0,

(5.12)

where the corresponding diffusion coefficients for the cells, and chemical are given by:

δ =
r2

σ1d
, µ =

r2

σ2d
,

and the chemotaxis sensitivity χ is given by (4.8).
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6. Perspectives
This paper presented a new approach to derive macro-scale models in biology from the underlying
description at a cellular scale delivered by suitable developments of methods of kinetic theory and
statistical mechanics. The hallmark that has guided the developments of the contents is that this
micro-macro approach should replace the traditional one where conservation equations are closed
by heuristic models of material behaviours, that generally hold true only in equilibrium conditions
of for small deviations from equilibrium.

The application has been addressed mainly to a revisiting of the Keller and Segel model by
showing how different modifications of the original model can be justified by a detailed analysis
of interaction at the cellular scale. The new models appear to be more consistent with biological
reality than the original one, which shows the not realistic feature of blow up of solutions. On
the other hand, flux limited models appear to be more appropriated to biological tissues as it is
properly studied in [40]. Moreover, nonlocal interactions are included as these are a typical feature
of living systems [21].

The authors feel confident to state that this approach is general enough to be addressed to
treat a variety of problems in life sciences for instance by the technically simple generalization to
more than two interacting populations opens to a variety of interesting biological phenomena such
as angiogenesis [1, 15] or tumor tissue evolution under the immune competition [11] related to
Darwinian mutations at selection at the scale of cells.

Of course the main problem remains including in the micro-scale state also the biological
functions expressed by cells and in referring them to the dynamics at the lower molecular scale
(sub-cellular) this topic is far from having an exhaustive reply from the scientific community al-
though some interesting results have recently appeared in the literature [13, 37]. The implication
to the approach presented in this paper is very important as it gives the hint to study macro-scale
models whose features evolve in time due to the dynamics at the molecular scale.
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‘Méthodes mathématiques et outils de modélisation et simulation pour le cancer’.

References
[1] A.R.A. Anderson and V. Quaranta, Integrative mathematical oncology, Nature Reviews -

Cancer, 8, (2008), 227–234.

[2] N. Bellomo and A. Bellouquid, From a class of kinetic models to the macroscopic equations
for multicellular systems in biology, Disc. Cont. Dyn. Syst. - Series B, 4, (2004), 59–80.

Frontiers in Science and Engineering
An International Journal Edited by Hassan II Academy of Science and Technology

22



23

N. Bellomo and A. Bellouquid                                Derivation of new chemotaxis models by asymptotic analysis

Frontiers in Science and Engineering - Vol. 4 - n° 2 - 2014
An International Journal Edited by The Hassan II Academy of Science and Technology

N. Bellomo et al. Derivation of new chemotaxis models by asymptotic analysis

[3] N. Bellomo, A. Bellouquid and M.A. Herrero, From microscopic to macroscopic description
of multicellular systems and biological growing tissues, Comp. Math. Appl., 53, (2007),
647–663.

[4] N. Bellomo, A. Bellouquid, J. Nieto, and J. Soler, Multicellular growing systems: Hyperbolic
limits towards macroscopic description, Math. Mod. Meth. Appl. Sci., 17, (2007), 1675–
1693.

[5] N. Bellomo, A. Bellouquid, J. Nieto, and J. Soler, Multiscale derivation of biological tissues
models for mixtures of multicellular growing systems: application to flux–limited chemotaxis,
Math. Mod. Meth. Appl. Sci., 20, (2010), 1179–1207.

[6] N. Bellomo, A. Bellouquid, J. Nieto, and J. Soler, On the asymptotic theory from microscopic
to macroscopic growing tissue models: an overview with perspectives, Math. Mod. Meth.
Appl. Sci., 22, (2012), 1130001 (37 pages).

[7] N. Bellomo, A. Bellouquid, N. Nieto, and J. Soler, Modeling chemotaxis from L2 closure
moments in kinetic theory of active particles, Disc. Cont. Dyn. Syst. - Series B, 18, (2013),
847-863.

[8] A. Bellouquid, Commentary to the paper “Morphogenetic action through flux-limited
spreading”, Phys Life Rev., 4, (2013), 477-478.

[9] A. Bellouquid, Mathematical tools towards the modelling of biological system: an overview
and perspectives, International Journal of Cancer Research and Diagnosis., 1, (2013), 1-3.

[10] A. Bellouquid and E. De Angelis, From Kinetic Models of Multicellular Growing Systems to
Macroscopic Biological Tissue Models, Nonlinear Analysis: Real World. Appl., 12, (2011),
1111–1122.

[11] A. Bellouquid, E. De Angelis, and D. Knopoff, From the modeling of the immune hallmarks
of cancer to a black swan in biology, Math. Mod. Meth. Appl. Sci., 23, (2013), 949–978.

[12] F.A. Chalub, Y. Dolak-Struss, P. Markowich, D. Oeltz, C. Schmeiser C., and Soref A., Model
hierarchies for cell aggregation by chemotaxis, Math. Mod. Meth. Appl. Sci., 16, (2006),
1173–1198.

[13] J. Calvo, J. Nieto, J. Soler, and M.O. Vasquez, On a dispersive model for unzipping of
double-strained DNA molecules Math. Mod. Meth. Appl. Sci., 24, (2014), to appear.

[14] F.A. Chalub, P. Markovich, B. Perthame, and C. Schmeiser, Kinetic models for chemotaxis
and their drift–diffusion limits, Monatsh. Math., 142, (2004), 123–141.

[15] Chaplain M.A.J., Mathematical modeling of angiogenesis, J. of Neuro-Oncology, 50, (2000),
37–51.

Frontiers in Science and Engineering
An International Journal Edited by Hassan II Academy of Science and Technology

23

N. Bellomo et al. Derivation of new chemotaxis models by asymptotic analysis

6. Perspectives
This paper presented a new approach to derive macro-scale models in biology from the underlying
description at a cellular scale delivered by suitable developments of methods of kinetic theory and
statistical mechanics. The hallmark that has guided the developments of the contents is that this
micro-macro approach should replace the traditional one where conservation equations are closed
by heuristic models of material behaviours, that generally hold true only in equilibrium conditions
of for small deviations from equilibrium.

The application has been addressed mainly to a revisiting of the Keller and Segel model by
showing how different modifications of the original model can be justified by a detailed analysis
of interaction at the cellular scale. The new models appear to be more consistent with biological
reality than the original one, which shows the not realistic feature of blow up of solutions. On
the other hand, flux limited models appear to be more appropriated to biological tissues as it is
properly studied in [40]. Moreover, nonlocal interactions are included as these are a typical feature
of living systems [21].

The authors feel confident to state that this approach is general enough to be addressed to
treat a variety of problems in life sciences for instance by the technically simple generalization to
more than two interacting populations opens to a variety of interesting biological phenomena such
as angiogenesis [1, 15] or tumor tissue evolution under the immune competition [11] related to
Darwinian mutations at selection at the scale of cells.

Of course the main problem remains including in the micro-scale state also the biological
functions expressed by cells and in referring them to the dynamics at the lower molecular scale
(sub-cellular) this topic is far from having an exhaustive reply from the scientific community al-
though some interesting results have recently appeared in the literature [13, 37]. The implication
to the approach presented in this paper is very important as it gives the hint to study macro-scale
models whose features evolve in time due to the dynamics at the molecular scale.

Acknowledgment
This work is supported by Hassan II Academy of Sciences and Technology (Morocco), Project
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[22] F. Filbet, P. Laurençot, and B. Perthame, Derivation of hyperbolic models for chemosensitive
movement, J. Math. Biol., 50, (2005), 189–207.

[23] J. Folkman, Role of angiogenesis in tumor growth and methastasis, Seminar Oncology, 29,
(2002), 15–18.
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Abstract. We study the capitulation problem for certain number fields K of degree 4 and we
show how we can determine the structures of some 2-groups as an application of this study. Let
K

(2)
1 be the Hilbert 2-class field of K, K(2)

2 be the Hilbert 2-class field of K(2)
1 , CK,2 be the 2-

component of the ideal class group of K and G2 the Galois group of K(2)
2 /K. We suppose that

CK,2 is of type (2, 2); then K
(2)
1 contains three extensions Fi/K, i = 1, 2, 3. The aim of this paper

is to study the capitulation of the 2-ideal classes in Fi, i = 1, 2, 3, and as an application of this
study, to determine the structure of G2 and the structure of the 2-class group of the three fields
Fi, i = 1, 2, 3, for the following cases:

(I) K = Q(
√
2q1q2, i) where q1 and q2 are primes such that q1 ≡ q2 ≡ −1 mod 4. This is a

case of biquadratic bicyclic number fields of Q.

(II) K = Q(
√
−pq(2 +

√
2)) where p and q are primes such that p ≡ −q ≡ 5 mod 8. This is

a case of quartic number fields of Q.

Key words: unit, class group, capitulation, Hilbert class field.

1. Intoduction
Let K be a number field of finite degree over Q and CK be the class group of K. Let F be an
unramified extension of K of finite degree and let OF be its ring of integers. We say that an ideal
A (or the ideal class of A) of K capitulates in F if it becomes principal in F , i.e., if AOF is
principal in F . The Hilbert class field K1 of K is the maximal abelian unramified extension of K.
Let p be a prime number; the Hilbert p-class field K

(p)
1 of K is the maximal abelian unramified
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extension of K such that [K(p)
1 : K] = pn for some integer n. The first important result on

capitulation was conjectured by D. Hilbert and proved by E. Artin and P. Furtwängler. It deals
with the case F = K1.

Theorem 1 (Principal ideal theorem). Let K1 be the Hilbert class field of K, then every ideal of
K capitulates in K1.

The principal ideal theorem was generalized by Tannaka and Terada to the next one. Let K0 be
a subfield of K such that K/K0 is abelian and let (K/K0)

∗ be the relative genus field of K/K0.

Theorem 2 (Tannaka–Terada). If K/K0 is cyclic, then any ambiguous ideal class of K/K0 is
principal in (K/K0)

∗.

The case where F/K is a cyclic extension of prime degree was studied by D. Hilbert in his
Theorem 94:

Theorem 3 (Theorem 94). Let F/K be a cyclic extension of prime degree, then there exists at
least one class (not trivial) in K which capitulates in F .

We find in the proof of Theorem 94 this result:
Let σ be a generator of the Galois group of F/K and NF/K be the norm of F/K. Let EF be the
unit group of the field F . Let E∗

F be the group of units of norm 1 in F/K. Then the group of
classes of K which capitulates in F is isomorphic to the quotient group E∗

F/E
1−σ
F = H1(EF ), the

cohomology group of G = 〈σ〉 acting on the group EF .
With this result and other results on cohomology, we have:

Theorem 4 ([11]). Let F/K be a cyclic unramified extension of prime degree, then the number of
classes which capitulate in F/K is equal to

[F : K][EK : NF/K(EF )],

where EK (resp. EF ) is the unit group of K (resp. F ).

The case where F/K is an abelian extension was treated by H. Suzuki who has proved Miyake’s
conjecture: In an abelian extension F/K the number of classes of K which capitulates in F is a
multiple of [F : K].
Moreover, H. Suzuki has proved the next theorem which is a generalization of the principal ideal
theorem, the Hilbert theorem 94 and Tannaka-Terada’s principal ideal theorem:

Theorem 5. Let K be a finite cyclic extension of an algebraic number field K0 of finite degree,
and let F be an unramified extension of K which is abelian over K0. Then the number of the
G(K/K0)-invariant ideal classes of K which become principal in F is divisible by the degree
[F : K] of the extension F/K.
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Let p be a prime number and let K(p)
1 (resp. K

(p)
2 ) be the Hilbert p-class field of K (resp. of

K
(p)
1 ). If L is a subfield of K1 and A is an ideal class of K whose order is equal to pm for some

integer m, then A capitulates in L if and only if A capitulates in L ∩ K
(p)
1 . So we study only

the capitulation of classes whose orders are equal to pm in the subfields of K(p)
1 , and since the

capitulation problem is solved when K
(p)
1 /K is cyclic, we study only the cases where K

(p)
1 /K is

not cyclic.
For more details see [18], [20], [1] and [21].

Definition 6. Let F be a cyclic unramified extension of K, CF be its class field and j the applica-
tion of CK in CF that maps to the class of an ideal a of K, the class of the ideal generated by a in
F . Then the extension F/K is called:

• of type (A) if and only if # ker j ∩NF/K(CF ) >1;

• of type (B) if and only if # ker j ∩NF/K(CF ) = 1.

Proposition 7 ([14]). Let G be a 2-group of finite order 2m and G′ its derived subgroup. Then
G/G′ is of type (2, 2) if and only if G is isomorphic to one of 2-groups:

Qm = < σ, τ > o σ2m−2
= τ 2 = a, a2 = 1, τ−1στ = σ−1;

Dm = < σ, τ > o σ2m−1
= τ 2 = 1, τ−1στ = σ−1;

Sm = < σ, τ > o σ2m−1
= τ 2 = 1, τ−1στ = σ2m−2−1;

(2, 2) = < σ, τ > o σ2 = τ 2 = 1, τ−1στ = σ.

Where Qm the quaternion group, Dm the dihedral group, Sm semi-dihedral group of order 2m and
(2.2) is an abelian group isomorphic to Z/2Z × Z/2Z.

Let K be a number field such that the 2-component CK,2 of CK is isomorphic to Z/2Z×Z/2Z.
Let G2 be the Galois group of K(2)

2 /K. By class field theory, Gal(K
(2)
1 /K) � Z/2Z × Z/2Z.

Then K
(2)
1 contains three quadratic extensions of K denoted by F1, F2 and F3; precisely F1 is

the subfield of K(2)
2 left fixed by the subgroup < σ >, F2 is the subfield of K

(2)
2 left fixed by

the subgroup < σ2, τ > and F3 is the subfield of K(2)
2 left fixed by the subgroup < σ2, στ >.

Furthermore, if G′
2 �= 1, then K

(2)
1 �= K

(2)
2 and there exists a unique subgroup of G′

2 of index 2;
let L be the subfield of K(2)

2 left fixed by this subgroup and ji the mapping j defined for F = Fi.
Under these conditions, H. Kisilevsky, in [14], proved the following

Theorem 8 ([14]). Assume that CK,2 � Z/2Z × Z/2Z, so we have

1. If K(1)
2 = K

(2)
2 , then the fields Fi are of type (A), # ker ji = 4 for i = 1, 2, 3 and G2 �

Z/2Z × Z/2Z;

2. If Gal(L/K) � Q3, then the fields Fi are of type (A), # ker ji = 2 for i = 1, 2, 3 and
G2 � Q3;
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3. If Gal(L/K) � D3, then the fields F2 and F3 are of type (B) and # ker j2 = # ker j3 = 2.
Moreover, if F1 is of type (B) then # ker j1 = 2 and G2 � Sm. If F1 is of type (A) and
# ker j1 = 2, then G2 � Qm. Finally if F1 is of type (A) and # ker j1 = 4, then G2 � Dm.

Corollary 9. Let K be such that CK,2 � Z/2Z×Z/2Z. Then we have three types of capitulation:
Type 1: The four classes of CK,2 capitulate in each extension Fi, i = 1, 2, 3.

This is possible if and only if K(2)
1 = K

(2)
2 .

Type 2: The four classes of CK,2 capitulate only in one extension among the
three extensions Fi, i = 1, 2, 3. In this case the group G2 is dihedral.

Type 3: Only two classes capitulate in each extension Fi, i = 1, 2, 3. In this
case the group G2 is semi-dihedral or quaternionic.

Remark 10. The 2-class group of F1 is cyclic. The 2-class groups of F2 and F3 are cyclic in the
cases 1 and 2 of the theorem 8 and are of type (2, 2) in the third case.

2. Units of some number fields
Let d1, d2 be coprime integers, which are square-free, d3 = d1d2, ε1 (resp. ε2, ε3) the fundamental
unit of Q(

√
d1) (resp. Q(

√
d2), Q(

√
d3)), K0 = Q(

√
d1,

√
d2), QK0 the Hasse unit index of K0

and Ni the norm of K0/Q(
√
di) with i ∈ {1, 2, 3}.

From [15], we know that a fundamental system of units of K0 is one of the following:
(i) {ε1, ε2, ε3};
(ii) {ε1, ε2,

√
ε3} (N2(ε3) = 1);

(iii) {√ε1ε2, ε2, ε3} (N3(ε1) = N3(ε2) = 1);
(iv) {ε1,

√
ε2,

√
ε3} (N1(ε2) = N1(ε3) = 1);

(v) {√ε1ε2,
√
ε2ε3,

√
ε1ε3} (N2(ε3) = N3(εj) = 1, j = 1, 2);

(vi) {√ε1ε2ε3, ε2, ε3} (N3(ε1) = N3(ε2) = N2(ε3) = ±1).

Proposition 11 ([2]). Let K0 a real number field, F = K0(
√
−1) a quadratic extension of K0,

abelian and finite over Q and {ε1, ε2, ..., εr} be a fundamental system of units of K0 (whose units
are all positive). Then we have:

1. If there is a unit of K0 of the form ε = εj11 ε
j2
2 ...ε

jr−1

r−1 εr where jk ∈ {0, 1}, such that (2+µm)ε
is a square in K0, then {ε1, ε2, ..., εr−1,

√
ζmε} is a fundamental system of units of F ;

2. Otherwise {ε1, ε2, ..., εr} is a fundamental system of units of F .

Proposition 12 ([2]). Let K0 a number field, abelian real and β an algebraic integer in K0, com-
pletely positive, without square factors. Assume that F = K0(

√
−β) is a quadratic extension of

K0, abelian over Q and i =
√
−1 doesn’t belong to F . Let {ε1, ε2, ..., εr} be a fundamental system

of units of K0. We choose, without limiting the generality, units εj positive. Then we have:

1. If there is a unit of K0 such that ε = εj11 ε
j2
2 ...ε

jr−1

r−1 εr (close to a permutation), where the
jk ∈ {0, 1}, such that βε is a square in K0, then {ε1, ε2, ..., εr−1,

√
−ε} is a fundamental

system of units of F ;
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2. Otherwise {ε1, ε2, ..., εr} is a fundamental system of units of F .

Corollary 13 ([7]). Let L = Q(
√
−nε

√
d) be a cyclic extension of degree 4 over Q, where ε is the

fundamental unit of Q(
√
d) with d a square-free integer and n an integer, then {ε} is a fundamental

system of units of L.

Lemma 14 ([3], Theorem 14). Let p and q be odd prime numbers such as q ≡ −1 mod 4, K0 =
Q(

√
2,
√
pq), F = K0(i) and ε1 (resp. ε2, ε3) be the fundamental unit of Q(

√
2) (resp. Q(

√
pq),

Q(
√
2pq). Assume that 2ε3 is not a square in Q(

√
2pq) and ε2 = x+y

√
pq with (x, y) ∈ Z2. Then

we have:

(i) If x± 1 is a square in N, then {ε1,
√
ε2, ε3} is a fundamental system of units of K0 and of F .

(ii) Otherwise, {ε1, ε2,
√
ε2ε3} is a fundamental system of units of K0 and of F .

Lemma 15 ([3], Theorem 14). We keep the notations of the previous lemma and assume that p and
q are congruent to −1 modulo 4, and that 2ε3 is not a square in Q(

√
2pq) and ε2 = x

2 +
y
2
√
pq

with x and y be two odd integers. Then K0 and F have the same fundamental system of units.

Lemma 16. Let p, q be odd prime numbers, K0 = Q(
√
q,
√
2p), ε1 (resp. ε2, ε3) the fundamental

unit of Q(
√
q) (resp. Q(

√
2p), Q(

√
2pq)). Assume that all units εi are of norm 1 and 2ε3 is not a

square in Q(
√
2pq). We set ε3 = x+ y

√
2pq. Then a fundamental system of units of K0 is

(i) {√ε1ε3,
√
ε1ε2,

√
ε2ε3} if 2p(x± 1) is a square in N.

(ii) {ε1,
√
ε1ε2,

√
ε3} if 2q(x± 1) is a square in N.

Proof. Let ε3 = x + y
√
2pq such that (x − 1)(x + 1) = 2pqy2. We know that 2ε3 is a square in

Q(
√
2pq) if and only if x± 1 is a square in N.

- If 2(x± 1) is a square in N, then there exists (y1, y2) ∈ Z2 such that{
x± 1 = 2y21
x∓ 1 = pqy22

and
√
ε3 =

1
2
(y2

√
2pq + 2y1) ∈ Q(

√
2pq).

This is contrary to the fact that ε3 is the fundamental unit of Q(
√
2pq). Following 2p(x ± 1) or

2q(x± 1) is a square in N.
- If 2p(x ± 1) is a square in N, then q(x ∓ 1) is a square in N and there exists (y1, y2) ∈ Z2 such

that
{

x± 1 = 2py21
x∓ 1 = qy22

and
{ √

2ε3 = y1
√
2p+ y2

√
q√

ε3 =
1
2
(2y1

√
p+ y2

√
2q)

.

- If 2q(x ± 1) is a square in N, then p(x ∓ 1) is a square in N and there exists (y1, y2) ∈ Z2 such

that
{

x± 1 = 2qy21
x∓ 1 = py22

and
{ √

2ε3 = y1
√
2q + y2

√
p√

ε3 =
1
2
(2y1

√
q + y2

√
2p)

.

Therefore, if 2p(x± 1) is a square in N, then 2ε3 is a square in K0 and if 2q(x± 1) is a square in
N, then ε3 is a square in K0. On the other hand, after the two previous lemmas, 2ε1 and 2ε2 are
squares in K0. Hence ε1ε2 is a square in K0. Similarly, if 2ε3 is a square in K0, then ε1ε3 and ε2ε3
are squares in K0 and thus is a fundamental system of units of K0. In the case where ε3 is a square
in K0, the unit ε1ε2ε3 is a square in K0 and according to the results of [15] recalled the beginning
of this paragraph, {ε1,

√
ε1ε2,

√
ε3} is a fundamental system of units of K0.
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Lemma 17. With the conditions of Lemma 16. Let F = K0(i), then

(i) if 2p(x ± 1) is a square in N, then {√ε1ε2,
√
ε1ε3,

√
iε1ε2ε3} is a fundamental system of

units of F ;

(ii) if 2q(x ± 1) is a square in N, then {√ε1ε2,
√
ε3,

√
iε2} is a fundamental system of units of

F .

Proof. (i) Let ε =
√
ε1ε2

√
ε1ε3

√
ε2ε3 = ε1(

√
ε2ε3)

2. We know from Proposition 11 that
√
iε ∈ F

if and only if
√
2ε ∈ K0. Since 2ε1 is a square in K0, then 2ε is a square in K0. A fun-

damental system of units of K0 is given by the preceding lemma. Hence, by Proposition 11,
{√ε1ε2,

√
ε1ε3,

√
iε1ε2ε3} is a fundamental system of units of F .

(ii) Let ε = ε2. We know from Lemma 16 that 2ε2 is a square in K0 and Lemma 17 gives us a fun-
damental system of units of K0. So while using Proposition 11, we find that {√ε1ε2,

√
ε3,

√
iε2}

is a fundamental system of units of F .

Theorem 18 ([6]). Let K0 = Q(
√
2,
√
p), ε0 (resp. ε2, ε3) the fundamental unit of Q(

√
2) (resp.

Q(
√
p), Q(

√
2p)) and F = K0(

√
−mε0

√
2) where m is an odd integer. Then,

1) if ε3 has norm 1, then {ε0, ε2,
√
ε3} is a fundamental system of units of K0 and of F ;

2) otherwise, {√ε0ε2ε3, ε2, ε3} is a fundamental system of units of K0 and of F .

Theorem 19. Let L = Q(
√
2 +

√
2) and F = L(

√
−m) where m is an odd integer and square-

free. Then {ξ3, ξ5, ξ7} is a fundamental system of units of L and of F where ξ3 = 1 +
√

2 +
√
2,

ξ5 = 1 +
√
2 +

√
2 +

√
2 and ξ7 = 1 +

√
2 +

√
2
√
2 +

√
2.

Proof. It is known in the literature that {ξ3, ξ5, ξ7} is a fundamental system of units of L (see eg
[24], p. 144-145). Since mξ is not a square in L, for ξ = ξ′1

j1ξ′2
j2ξ′3 where {ξ′1, ξ′2, ξ′3} = {ξ3, ξ5, ξ7}

and j1, j2 ∈ {0, 1}, then, according to the proposition 12, we find that the system {ξ3, ξ5, ξ7} is a
fundamental system of units of F .

3. Case where K is a biquadratic bicyclic number field of Q
Let Q be the Hasse unit index of K and let CK,2 be the 2-component of the class group of K.
Let K(∗) be the genus field of K. In this section, we suppose that K = Q(

√
2q1q2, i) where

q1 ≡ q2 ≡ −1 mod 4,
(
q1
q2

)
= −

(
q2
q1

)
= 1,

(
2
q1

)
= −

(
2
q2

)
= 1 and Q = 1, in which case,

the group CK,2 is of type (2, 2) and K(∗) = K
(2)
1 = Q(

√
q1,

√
q2,

√
2, i). So K

(2)
1 contains three

extensions F ′
i/K, i = 1, 2, 3. The aim of this section is to study the capitulation of the 2-ideal

classes in F ′
i , i = 1, 2, 3, and to determine the structure of G2. So we have:

F ′
1 = K(

√
q1) = Q(

√
q1,

√
2q2, i), F ′

2 = K(
√
q2) = Q(

√
q2,

√
2q1, i) and F ′

3 = K(
√
2) =

Q(
√
2,
√
q1q2, i).
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Theorem 20. Let K = Q(
√
2q1q2, i) with (

q1
q2 ) = −(

q2
q1 ) = ( 2q1 ) = −( 2q2 ) = 1 and the unit’s

index Q of Q(
√
2q1q2) in K is equal to 1. Then only two classes of K capitulate in each extension

F ′
i , i = 1, 2, 3 and the group G2 is semi-dihedral or quaternionic.

Proof. To prove this theorem we will use the fact that in an unramified extension F/K of degree 2
the number of classes that capitulated in F is equal to 2[EK : NF/K(EF )]. Let ε3 be the fundamen-
tal unit of Q(

√
2q1q2), then EK , the unit group of K, is generated by ε3 and the complex number

i; so we must compute NF/K(EF ) in each case of F ( F = F ′
i , i = 1, 2, 3).

On the other hand, let ε2 = x+ y
√
q1q2 be the fundamental unit of Q(

√
q1q2). Then

a) If x and y are integers, then exactly two classes of CK,2 capitulate in F ′
1. It is the same for F ′

2,
while in F ′

3 the 4 classes capitulate if and only if x± 1 is a square in N (a fundamental system
of F ′

1 or F ′
2 is given by lemma 2.3 and lemma 2.4 and for F ′

3 is given by lemma 2.1 and lemma
2.2). Let us show that x± 1 is never a square of N.
Since q1q2 ≡ 1 mod 4, then x is odd. Therefore, the greatest common divisor of x − 1 and
x + 1 is equal to two. Moreover, using the equation (x − 1)(x + 1) = q1q2y

2, we deduce that
the exponent of 2 in the decomposition of x− 1 and x+ 1 into prime factors is odd. It follows
that x± 1 can not be a square in N. Thus, our result is proved.

b) If x and y are half-integers. Then in each extension F ′
i , (i ∈ {1, 2, 3}), exactly two classes of K

capitulate. Indeed, in this case a fundamental system of units of K3 and F ′
3 is {ε1, ε2,

√
ε2ε3}.

Then we have that N(EF3) = EK . As a result, there are two classes that capitulated in F ′
3. It is

the same for the extensions F ′
1 and F ′

2.

Then only two classes of K capitulate in each extension F ′
i , i = 1, 2, 3. Therefore, by theorem 8

and corollary 9, G2 is the quaternionic group or semi-dihedral group.

Theorem 21. Let K = Q(
√
2q1q2, i) with (

q1
q2 ) = −(

q2
q1 ) = ( 2q1 ) = −( 2q2 ) = 1 and the unit index

Q of Q(
√
2q1q2) in K is equal to 1. Let F ′

1 = K(
√
q1), F ′

2 = K(
√
q2) and F ′

3 = K(
√
2), then the

2-class groups of F ′
1 and F ′

3 are of type (2, 2) and the 2-class groups of F ′
2 is cyclic.

Proof. Using Wada’s formula on class number of multiquadratic fields ([23]) and Kaplan’s results
on the 2-part of class number of quadratic fields ([13]); then we have:
- h(q1), h(q2), h(2q1), h(2q2), h(−q1), h(−q2) et h(q1q2) are odd;
- the 2-part of h(−2q2) is equal to 2, the 2-part of h(−2q1) is divided by 4 and is divided by 8 if
and only if q1 ≡ 15 mod 16, and the 2-part of h(−q1q2) is equal to 4;
- let Q′ be the index of the product of the units groups of all the quadratic fields which are subsets
of F in the unit group of F ( if F = F ′

i ; then Q′ = [EF ′
i
: E−1Eq1E−q1E2q2E−2q2E2q1q2E−2q1q2 ]).
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Then we have

h(F ′
1) =

1

25
Q′h(q1)h(2q2)h(−q1)h(−2q2)h(2q1q2)h(−2q1q2),

h(F ′
2) =

1

25
Q′h(q2)h(2q1)h(−q2)h(−2q1)h(2q2q1)h(−2q1q2),

h(F ′
3) =

1

25
Q′h(q1q2)h(2q2)h(−q1q2)h(2q1q2)h(−2q1q2),

h(K) =
1

2
h(2q1q2)h(−2q1q2).

-h(−2q1q2)h(2q1q2) = 8 since the 2-class number of K is equal to 4.
- Q′ = 8 for F ′

1 and F ′
2 and for F ′

3 we have Q′ = 4; so the 2-class numbers of F ′
1 and F ′

3 are equal to
4 and the 2-class number of F ′

2 is divided by 8 and is divided by 16 if and only if q1 ≡ 15 mod 16.
Then we conclude that the order of G2 is at least equal to 24 and that the 2-class number of F ′

1 and
F ′
3 is equal to 4 and the 2-class number of F ′

2 is divided by 8. Then, by theorem 8 and with the use
of the definition of F ′

i , i = 1, 2, 3 as fixed fields of sub-groups of index 2 of G2, the 2-class groups
of F ′

1 and F ′
3 are of type (2, 2) and the 2-class groups of F ′

2 is cyclic.

Corollary 22. Let K = Q(
√
2q1q2, i) with (

q1
q2 ) = −(

q2
q1 ) = ( 2q1 ) = −( 2q2 ) = 1 and the unit index

Q of Q(
√
2q1q2) in K is equal to 1. Then the group G2 is semi-dihedral.

Proof. The 2-class group of K can be generated by classes of prime ideals of K laying above the
ramified primes in K/Q. But in our case this is not possible, we have only one non trivial class
generated by the prime ideal I0 above the prime 2 ( 2OK = I40 ). We choose the second generator
as the following:
Let l be a prime such that (q1

l
) = (

q2
l
) = −1 and (2

l
) = (−1

l
) = 1. The prime l exists (see

[Sim-95]) and splits completely in K/Q, then there exist some ideals I1, I2, I3 and I4 of K such
that lOK = I1I2I3I4. The ideal I1 is inert in F ′

2/K, so by the Artin Reciprocity theorem we prove
that I1 is not principal and, if m is the odd part of the class number of K, Im1 is also not principal.
Then CK,2 is generated by the class of I0 and the class of Im1 .
The ideal I1 is inert in F ′

2/K. Also the ideal I0 is inert in F ′
2/K. So we have

- the ideal class of Im1 isn’t norm in F ′
2/K.

- the ideal class of I0 isn’t norm in F ′
2/K.

- the ideal class of I0Im1 isn’t norm in F ′
2/K.

From these remarks and with using theorem 8, we obtain that one class from the classes of I0, Im1
or I0Im1 capitulates in F ′

2/K and it isn’t norm from F ′
2; so F ′

2 is of type (B). The field F ′
2 of our

case is the field F1 in theorem 8, so by this theorem the group G2 is semi-dihedral.

Example 23. Let q1 = 7, q2 = 3 and d = 2q1q2 = 42.
The 2-class group of of K = Q(

√
42, i) is of type (2, 2), F ′

1 = K(
√
7), F ′

2 = K(
√
3) and F ′

3 =
K(

√
2). Then only two classes of K capitulates in each extension F ′

i , i = 1, 2, 3. Moreover, in this
case, the 2-class group of F ′

2 is cyclic of order 8 and G2 is semi-dihedral of order 16.
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4. Case where K is a quartic number field of Q

In this section, we suppose that K = Q(
√

−pq(2 +
√
2)) where p and q are primes such that

p ≡ −q ≡ 5 mod 8, in which case, the group CK,2 is of type (2, 2) (see [8]), by using the results
of [12] we show that the genus field of K is K(∗) = K

(2)
1 = K(

√
p,
√
−q). So K

(2)
1 contains

three extensions F ′
i/K, i = 1, 2, 3. The aim of this section is to study the capitulation of the 2-

ideal classes in F ′
i , i = 1, 2, 3, and to determine the structure of G2. So we have: F ′

1 = K(
√
p),

F ′
2 = K(

√
−q) and F ′

3 = K(
√
−pq).

Proposition 24. Let L/M be a CM-extension, ∆ its Galois group, and v0 a place of M such that
the following conditions hold:

1) CM,2 = 0;

2) L and M have the same units (hence
√
−1 �∈ L);

3) L = M(
√
β) with β ∈ M , and 2 � v0(β).

then the natural map ⊕
Z/2Z → CL,2

v ∈ Ram(L/M)
v �= v0

which, to a ramified place of M associates the class of its square root in L, is injective.

Proof. Let I2,L (resp. I2,M ) the group of fractional ideals of L tensored with Z2 (resp. M ), and
P2,L (resp. P2,M ) its sub Z2-module generated by the principal ideals. Let us analyze the image of
the natural map (I2,L)

∆ → (CL,2)
∆. Thanks to (1), it factors into a map

φ : (I2,L)
∆/I2,M → (CL,2)

∆

(here we embed I2,M into I2,L via the obvious map) which kernel is

(P2,L)
∆/I2,M = (P2,L)

∆/P2,M � coker((L×)∆ → (P2,L)
∆) � H1(∆,O×

L ).

Thanks to (2), we conclude that kerφ is of order 2. Now, because of (3), (
√
β) gives a non trivial

element of kerφ, hence generates it. The claimed result followed by explicitly writing φ as

φ :
⊕

Z/2Z → (CL,2)
∆

v ∈ Ram(L/M)

Indeed, (
√
β) corresponds to the element

⊕
v(β) in the left hand group so that

kerφ ∩
⊕

Z/2Z = 0.
v ∈ Ram(L/M)

v �= v0
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Corollary 25. Let K = Q(
√
−pq(2 +

√
2)) where p and q are primes such that p ≡ −q ≡

5 mod 8, P the prime ideal of K above p and Q that above q. Then the class of P (resp. Q,
PQ) has order 2, CK,2 is generated by the classes of P and of Q. Also P capitulated in F ′

1, Q
capitulated in F ′

2 and PQ capitulated in F ′
3.

Proof. By the proposition 24, we find that CK,2 is generated by the classes of P and Q.
To show that P capitulates in K(

√
p), it suffices to see that

√
p ∈ K(

√
p) and (

√
p2) = (p) in

K(
√
p), so P capitulates in F ′

1 = K(
√
p) and even Q capitulated in F ′

2 = K(
√
−q) and PQ

capitulated in F ′
3 = K(

√
−pq).

Proposition 26 ([10]). Let M a number field contains the m-th roots of unity, L a finite extension
of M , α ∈ M∗ and β ∈ L∗. We denote by P a prime ideal of M and P a prime ideal of L above
P . Then ∏

P

(
β, α

P

)

m

=

(
NL/M(β), α

P

)

m

,

where the product is taken over all prime ideals of L which are over P .

Theorem 27. Let K = Q(
√
−pq(2 +

√
2)) where p and q are primes such that p ≡ −q ≡

5 mod 8, then in each extension F ′
i , i ∈ {1, 2, 3}, there are exactly two classes of CK,2 who

capitulated and the group G2 is quaternionic of order 2m with m > 3.

Proof. Let ε0 (resp. ε2, ε3) the fundamental unit of Q(
√
2) (resp. Q(

√
p), Q(

√
2p)), P the prime

ideal of K above p, Q that above q, then, by Theorem 18, {√ε0ε2ε3, ε2, ε3} is a fundamental
system of units of F ′

1.
As NF ′

1/K
(
√
ε1ε2ε3) = ±ε1 and NF ′

1/K
(ε2) = NF ′

1/K
(ε3) = −1, then EK = NF ′

1/K
(EF ′

1
). Using

the Theorem 4, we find that two Classes only of CK,2 capitulate in F ′
1, namely the class of P and

its square.
By Theorem 19, {ξ3, ξ5, ξ7} is a fundamental system of units of F ′

3. Since NF ′
3/K

(ξ7) = −1 and
NF ′

3/K
(ξ5) = −NF ′

3/K
(ξ3) = ε1, then EK = NF ′

3/K
(EF ′

1
),by theorem 4, we find that two classes

only of CK,2 capitulate in F ′
3, namely the class of PQ and its square.

The extension F ′
1/K and F ′

2/K are of type (B) and the extension F ′
3/K is of type (A). Indeed, let

K ′ = Q(
√
−q(2 +

√
2)), then we have KK ′ = F ′

1 and as NK/Q(
√
2)(P) = p and p is unramified

in K ′/Q(
√
2), then to show that P is inert in F ′

1/K, it suffices to show that p is inert in K ′/Q(
√
2)

(Translation theorem), For this we compute the norm residue symbol
(

p,−qε0
√
2

p

)
. It has p ∈ Q is

inert in Q(
√
2)/Q and −qε0

√
2 ∈ Q(

√
2), so using the proposition 26, we find

(
p,−qε0

√
2

p

)
=

(
p,NQ(

√
2)/Q(−qε0

√
2)

p

)
=

(
p, 2q2

p

)
= (

2

p
) = −1,

thus p is inert in K ′/Q(
√
2), which gives that P is inert in F ′

1/K and since [P ] is the only nontrivial
class of CK,2 capitulating into F ′

1/K, then F ′
1/K is of type (B). Similarly we show that Q is inert
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in F ′
2/K, which also gives that F ′

2/K is of type (B), consequently, by theorem 8, two classes only
of CK,2 capitulate in F ′

2. For F ′
3, let L = Q(

√
2 +

√
2), then we have KL = F ′

3, NK/Q(
√
2)(P) =

p and p is unramified in L/Q(
√
2), thus to show that P is inert in F ′

3/K, it suffices to show
that p is inert in L/Q(

√
2), for this we compute the norm residue symbol

(
p,ε0

√
2

p

)
. Using the

proposition 26, we have p ∈ Q is inert in Q(
√
2)/Q and ε0

√
2 ∈ Q(

√
2), so

(
p, ε0

√
2

p

)
=

(
p,NQ(

√
2)/Q(ε0

√
2)

p

)
=

(
p, 2

p

)
= (

2

p
) = −1,

thus p is inert in L/Q(
√
2), which gives that P is inert in F ′

3/K, similarly one shows that Q is
inert in F ′

3/K. As PQ capitulated in F ′
3, then by applying the reciprocity law of Artin, we find

that F ′
3/K is of type (A). Consequently, using theorem 8, the group G2 is isomorphic to Qm with

(m > 3).

Example 28. Let K = Q(
√
−55(2 +

√
2)), F ′

1 = K(
√
5), F ′

2 = K(
√
−11) and F ′

3 = K(
√
−55),

then by theorem 27 in each extension F ′
i , i ∈ {1, 2, 3}, there are exactly two classes of CK,2 who

capitulated and the group G2 is quaternionic of order 2m with m > 3.

Remark 29. Let K = Q(
√
−pq(2 +

√
2)) and K0 = Q(

√
2,
√
−pq) where p and q are primes

such that p ≡ −q ≡ 5 mod 8, then # G2 = 4 h2(K0).

Proof. We have K(1)
2 /F ′

3 unramified extension and as F ′
3/K is of type (A), then, according to [14],

CF ′
3,2

is cyclic, so F ′
3 and K

(2)
1 has even Hilbert 2-class field, namely K

(2)
2 , so # G2 = 2 h2(F

′
3).

Moreover F ′
3/Q(

√
2) is a normal biquadratic extension of Galois group of type (2, 2) and sub-

quadratic extensions K, K0 and L = Q(
√
2 +

√
2), by [16], we show that

h2(F
′
3) =

1

2
q(F ′

3/Q(
√
2))h2(K)h2(K0)h2(L),

and since h2(K) = 4, q(F ′
3/Q(

√
2)) = 1 and h2(L) = 1 (see [24]), then h2(F

′
3) = 2 h2(K0),

which gives # G2 = 4 h2(K0).

Corollary 30. Let K = Q(
√
−pq(2 +

√
2)) where p and q are primes such that p ≡ −q ≡

5 mod 8 and (p
q
) = −1, then in each of the extensions F ′

i , for i ∈ {1, 2, 3}, there are exactly two
classes of CK,2 which capitulated and G2 � Q4. Moreover, the 2-class group of F ′

3 is cyclic of
order 8, and the 2-class groups of F ′

2 and F ′
1 are of type (2, 2).

Proof. Since p ≡ −q ≡ 5 mod 8, then, by Theorem 27, G2 is quaternionic of order 2m with
m > 3. Let K0 = Q(

√
2,
√
−pq), since (p

q
) = −1, then, according to [17], we have h2(K0) = 4,

by the remark 29, we find that G2 � Q4 and the 2-class group of F ′
3 is of order 8. So the 2-class

group of F ′
3 is cyclic of order 8, and the 2-class groups of F ′

2 and F ′
1 are of type (2, 2).
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Example 31. Let K = Q(
√

−15(2 +
√
2)), F ′

1 = K(
√
5), F ′

2 = K(
√
−3) and F ′

3 = K(
√
−15),

then by corollary 30 in each extension F ′
i , i ∈ {1, 2, 3}, there are exactly two classes of CK,2 who

capitulated. Moreover, in this case, the 2-class group of F ′
3 is cyclic of order 8 and the 2-class

groups of F ′
1 and F ′

2 are of type (2, 2) and G2 is quaternionic of order 16.
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Abstract. A new polyether macrocyclic of 1-pyrazolylbenzimidazol-2-ones 5-6 have been 
synthesized by the reaction of dichloro(poly)ethylene glycol in phase transfer catalysis conditions. 
The structure of these compounds were identified by 1H NMR, 13C NMR, IR spectroscopy and Mass 
spectrometry. The formation of Li+, Na+, and K+ complexes with compounds 5-6 has been 
investigated by UV-visible spectroscopy. It was demonstrated that ligand 5 form preferential 
complex with Li+ cation.

Key words: synthesis,complexation,ligand,1-(3’-phenylpyrazol-5’-yl)benzimidazolo-13(15)-
couronne-2(3).

1. Introduction
The development of new molecular models for recognition, titration and transport of metals is an 
area of research that has grown considerably since the discovery of crown ethers [1]. Although 
some examples of macrocyclic polyethers have been described in the literature before the work of 
Pedersen, and highlighting their ability to complex metals.

Based on these compounds Lehn (Nobel Prize in Chemistry in 1987) introduced the concept of a 
new interdisciplinary chemistry (physics, chemistry and biology), based on non-covalent 
intermolecular bonds (Van der Wals force, repulsion at short distance, electrostatic bonding, and 
hydrogen bonding): supramolecular chemistry [2]. This chemistry has grown in recent years, mainly 
in order to develop systems able to complex metal cations [3-5]. The ability of these macrocycles to 
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Based on these compounds Lehn (Nobel Prize in Chemistry in 1987) introduced the concept of a 
new interdisciplinary chemistry (physics, chemistry and biology), based on non-covalent 
intermolecular bonds (Van der Wals force, repulsion at short distance, electrostatic bonding, and 
hydrogen bonding): supramolecular chemistry [2]. This chemistry has grown in recent years, mainly 
in order to develop systems able to complex metal cations [3-5]. The ability of these macrocycles to 
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form complexes with metals allowed their use in various areas: in medicine, they are involved in the 
transport of ions across a membrane. Hemoglobin, for example, which is involved in the transport 
of oxygen in the body is a complex iron atom bonded to four nitrogen atoms donor cycle consists of 
porphyrine. To fight against certain deficiencies metals are introduced into the body as a complex, 
in excess, it uses a powerful ligand [6,7]. In the chemical industry, the complexes of transition 
metals act as catalysts [8], which are involved in the construction of ion-selective electrodes [9]. 
They are also used as photosensitizing agents in the conversion of solar energy. In addition, we are 
all aware of the dangers of rejection in the nature of industrial heavy metals. Acid rain burn leaves 
and fish poison, killing most, if not all, aquatic wildlife, where the interest for ligands capable to 
complex very selectively these metals to their use for protection environment.

The aim of this work is the synthesis of new ligands containing in their structure benzimidazole, 
pyrazole and polyether macrocycle and the study of their complexation with alkali metals by UV-
Visible spectroscopy.

2. Results and Discussion

2.1. Synthesis and characterization

In order to prepare a new polyether macromolecules incorporating a benzimidazole and 
pyrazole nucleus, we have chosen as synthetic substrate the 1-pyrazolylbenzimidazol-2-
one 2, obtained by the action of ethyl chloroformate to 3 (5) -N-(o-aminophenyl) 
aminopyrazole 1 in pyridine at 80°C for 24 hours. (Scheme 1). [10]

The obtained 1-pyrazolylbenzimidazol-2-one 2 was reacted with dichloropolyethylene 
glycols 3a-c freshly prepared by the action of thionyl chloride on dihydroxylypolyethylene 
glycol in benzene in the presence of a catalytic amount of pyridine. [11]

Condensation of these reagents, in stoichiometric amount or in excess to 1-
pyrazolylbenzimidazol-2-one 2 is carried out under the phase transfer catalysis conditions 
in the presence of potassium carbonate K2CO3 under magnetic stirring at 80 °C. The 
results obtained depend on the chain length of polyethylene glycol used.

Indeed, when using dichlorodiethylene glycol 3a, the reaction does not lead to the cyclised 
product, but to the compound 4, resulting in two monoalkylations, one on the nitrogen 
atom of the benzimidazole ring and the other on the pyrazole nitrogen. The use of the 
spacer 3a does not allow to obtain polyether macrocycles probably due to the length of the 
chain. To overcome this problem, we used the dichlorotriethylene glycol 3b with more 
ethyleneoxy spacer in the same conditions as the first reaction (Scheme 1).

The reaction in this case,led to the formation of the 1-pyrazolylbenzimidazolo 13 courone-
2 5, resulting from the cyclization [1+1]. The chain links polyether with pyrazole and 
benzimidazole nitrogens.

In the light of these results, we used the dichlorotetraethylene glycol 3c having a longer 
chain, which can lead to new macrocycles containing one or two 
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pyrazolylbenzimidazolones units. However, the reaction gives a new macrocycle 6,
resulting from the cyclization [1+1] larger than the previous cavity.

The structure of obtained compounds were confirmed by 1H NMR, 13C NMR, mass 
spectrometry and by X-ray crystallographic study.
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The IR spectrum of compound 2 shows, the characteristics absorption bands of the NH 
groups of pyrazole and benzimidazole at 3250 and 3325 cm-1 respectively and the 
absorption of the carbonyl band at 1710 cm-1.

The 1H NMR spectrum shows particularly, in addition to the signal at 6.97 ppm due to the 
proton at position 4 of the pyrazole ring; the signals related to aromatic protons form a 
multiplet between 7.24 and 7.75 ppm. In the 13C NMR spectrum, it is noted, in particular, 
the presence of a signal at 96.01 ppm, attributed to the carbon at the position 4 of the 
pyrazole [20].The mass spectrum (EI) shows the molecular ion peak at m / z = 276.

The 1H NMR spectrum of compound 4, shows the signals due to the methylene protons as 
multiplet between 3.25 and 4.29 ppm. The signal of the pyrazole proton in position 4 
appears at 6.66 ppm. In its 13C NMR spectrum is observed, in particular, the eight signals 
of the methylene groups, two of them are linked to benzimidazole and pyrazole nitrogen 
(41.93 and 49.25 ppm), four are linked to oxygen atoms ( from 71.46 to 68.82 ppm) and 
the two  attached to chlorine atoms (42.62 ppm). The carbon at position 4 of the pyrazole 
resonates at 100.83 ppm, while the aromatic carbons give resonance signals between 
128.73 and 108.1 ppm. In mass spectrum (EI), the peak of the molecular ion (m / z = 488 
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corresponding to the formula C24H26N4O3Cl2) with isotope profile characteristic of the 
presence of two chlorine atoms.

The IR spectrum is characterized by an absorption band at 1695 cm-1, relative to the C=O. 
It is noted the disappearance of a broad absorption band around 3200 cm-1 which 
demonstrates the alkylation of NH groups, and the presence of intense bands between 
2800 and 3000 cm-1 due to the different groups of the ether methylene chain.

The 1H NMR spectrum compound 5, exhibits the pyrazole proton signal at 6.81 ppm, and 
the signals related to the 12 methylene protons appearing as multiplet between 3.15 and 
4.51 ppm. The massive between 6.84 and 7.83 is assigned to the resonance of the 
aromatic protons.

The 13C NMR spectrum shows all signals of methylene carbons: those linked to oxygen 
atom give signals between 66 and 71 ppm, while those attached to nitrogen appear 
between 40 and 50 ppm. The deshielded signal at 151.17 ppm confirms the non-
participation of the C=O function to cyclization. This is also confirmed by an examination of 
its IR spectrum showing an absorption band around 1700 cm-1. The absence of absorption 
bands related to NH groups reveals their involvement in the reaction. The mass spectrum 
obtained using ammonia as the reagent gas, shows the peak of this pseudo-molecular ion 
at 391, corresponding to the macrocycle cyclization [1+1]. The peak at 408 corresponds to 
[M+NH4]+.

The 1H NMR spectrum of compound 6 shows, in particular, all the signals due to six 
methylene protons as a multiplet between 2.76 and 4.53 ppm. The pyrazole proton 
resonates at 6.65 ppm, while the signals related to aromatic protons were observed 
between 6.86 and 7.82 ppm. In the 13C NMR, we note the presence of signals assigned to 
the carbon sp3 methylene groups bonded to oxygen and nitrogen atoms appearing at 
40.43, 51.71 and 66.45 to 70.42 ppm. The carbon in position 4 of the pyrazole and the 
C=O resonate respectively at 103.16 and 153.99 ppm. The mass spectrum, also obtained 
by the DIC mode (reactant gas: ammonia), exhibits the peak of the protonated molecular 
ion at 435 corresponding to the molecular formula C24H26N4O4 macrocycle. The peak at 
452 corresponds to [M+NH4]+.

A crystallographic study [12] of compound 6 confirmed its structure, resulting from 
involvement in the macrocyclization reaction of the benzimidazole nitrogen and nitrogen 
pyrazole nucleus (figure 1).
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Figure 1 :ORTEP diagram of C24H20N4O4 with 50% probability ellipsoids.

2.2. Synthesis and characterization

The stability constants were measured in THF solutions by UV-visible spectrophotometry 
for ligands /metallic picrate complexes. This technique is particularly suitable for the 
measurement of stability constants ranging from 102 to 105 l.mol-1.

The UV-Visible spectrum of ligand 5 has a main absorption band at λ = 258 nm (ε = 27237 
cm-1mol-1). The observed band in this ligand is probably due not only to the interactions 
between chromophores, but also transitions π→ π*.

the complexation of 1-pyrazolylbenzimidazolo-16-crown-3 6 with alkali metallic picrates 
(Li+, Na+ and K+) in THF showed no wavelength shift and no isosbestic point allowing to 
confirm that no complex has been formed.
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Figure 2. Absorption spectra: a- PicLi+in THF after addition of 6; b- PicNa+ in THF after 
addition of 6; c-PicK+ in THF after addition of 6.

 

 The effect of cavity size of chelating properties of 1-pyrazolylbenzimidazolo-13-
couronne-2 5, have been studied. 

The UV-visible spectrum of ligand 5 presents the main absorption band at λ = 250 
nm (ε = 29125 cm-1mol-1). The table 1 shows the experimental variation of the wavelength 
λmax of metal picrate as function of amount of ligand added. (ρ)

Table 1 : Value of λmax = f(ρ)

Metal Picrates λmax, ε

ρ = 0

λmax, ε

ρ = 20

∆λmax

PicLi 345 ; 14079 372 ; 12189 27

PicNa 352 ; 16550 370 ; 14967 18

PicK 357 ; 17917 372 ; 16166 15

 

According to this table, the addition of the ligand, non-absorbent between 300 and 400 nm, 
resulting in a significant shift of the wavelength. This displacement decreases when going 
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from lithium (r = 0.78 Å) to potassium (r = 1.33 Å) is certainly due to the phenomenon of 
complexation.

 

The analysis of the evolution of spectra showing the variation of λmax reveals a 
bathochromic and hyperchromic band of picrates ions. All these curves (obtained by 
ISOBEST) pass through the isosbestic point. These points are located at: 355 nm for 
complex 5/Li+,358 nm for complex 5/Na+, and 360 nm for complex 5/K+

 

Figure 3. Absorption spoectra of : a- PicLi+ in THF after addition of 5 ; b- PicNa+ in THF 
after addition of 5 ; c-PicK+ in THF after addition of 5

 

The evolution of species according to ρ (ρ = [L] / [M]) of 5/Li complex is given in Figure 3.

The examination of this figure shows that the complex formed is not stable ( log K < 3 ). 
Indeed in the case of strong complexes, and the curve of the metal complex intersect at a 
isobestic point , so that when the complex is instable. Such is the case for the complex 
formed between 5 and Na+ and K+ ( Figure 3).
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Table 2 : stability constante of Li+, Na+ and K+ complexes

log β

Complexe ρ = nL / nM ML S(A) ≤ 0,005

5/Li+ 0 ≤ ρ ≤ 20 2,40 ± 0,1 0,002

5/Na+ 0 ≤ ρ ≤ 20 2,04 ± 0,1 0,0041

5/K+ 0 ≤ ρ ≤ 20 1,9 ± 0,1 0,0051

 

The optimization of geometry of the complex led us to a modeling study of the 
complex using the molecular mechanics software InsightII. From this study, it appears that 
the three oxygen atoms of the ligand involved in ML complex. The Li-O distances are very 
short, that confirm the stability of complex with lithium ion. The distances are as follows:

• Li-O ether (pyrazole side): 1.92 Å

• Li-O ether (imidazole side): 1.91 Å

• Li-C=O: 1.81 Å.

The structure of the complex is presented by the following figure:

 

Figure 4. Modeled structure of the complex ML of 5/Li 

3. Conclusion
In this work, a novel polyether macrocyclic we explored by UV spectrophotometry, the 
complexing properties of the two macrocycles prepared in our laboratory, towards metal 
picrates. According to this technique, it appears that the macrocycle 6 could not complex 
any metal cation among those, which were tested, while the ligand macrocycle 5 was able 
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to complex selectively the lithium cation. This could be useful in clarifying the mechanism 
by which lithium is incorporated into the biological system because this metal known 
current medical applications of particular interest in the medical world. [13]

4. Experimental part

Melting points were determined with a Buchi-Tottoli apparatus and are uncorrected. 
Infrared spectra were recorded on a Perkin-Elmer 1600 spectrophotometer in KBr disks. 
NMR spectra were recorded on a Bruker AC 250 spectrometer, 1H (250 MHz) and 13C 
(62.89 MHz) and are reported in parts per million. Data are reported in the following order: 
chemical shift, spin multiplicity (s = singlet, d = doublet, t = triplet, m = multiplet), coupling 
constant, integration and assignment. UV-Vis spectra were monitored on a Perkin-Elmer 
Lambda 17 spectrophotometer coupled with an Epson PC AX Elmer computer. The mass 
spectra were recorded on a Varian Mat 311A for (EI) or by (DCI, NH3).

Preparation of 1-(3’-phenylpyrazol-5’-yl)benzimidazol-2-one 1

To a solution of 3(5)-N-(o-aminophenyl) aminopyrazole(0.01 mole) 1 in 40 ml of pyridine, 
was added ethyl chloroformate(0.05 mole)and refluxed for 6 hours. After cooling, the 
pyridine was removed under vacuum, and the residue obtained was recrystallized from
water-ethanol.

Yield: 80 %

Mp: more than 260 °C

1H NMR (CDCl3 + CF3CO2H): 6,97 (s, 1H, C4H); 7,24-7,75 (m, 9H)

13C NMR (CDCl3 + CF3CO2H): 96,01 (=C4H); 117,69-131,62 (CHar); 126,48 (Car); 
126,88 (Car); 127,47 (Car); 139,79 (Cq); 147,83 (C=N); 153,88 (C=O)

Mass spectrometry DCI (NH3): [M+H]+ : 277.

General method for preparation of compounds 4, 5 and 6:

To a solution of 1-(3-phenylpyrazolyl)benzimidazol-2-one (0.01 mole) in 60 mL of N,N-
dimethylformamide, 0.02 mole of dichlorodiethylene glycol (dichlorotriethylene glycol and 
dichlorotetraethylene glycol), 0.04 mole of potassium carbonate and 0.001 mole of tetra-n-
butylammonium bromide were added. The mixture was stirred at 80°C for 24hours. Then 
insoluble salts were filtred off and the solvent was evaporated in vacuum. The residue was 
separated by gel silica chromatography.

1-[(1’-chlorodiethyleneglycol-3’-phenyl)pyrazol-5’-yl]-3-chlorodiethyleneglycol 
benzimidazol-2-one 4



50

J.N. Tené Ghomsi et al.          Synthesis and UV-Visible complexation study of 1-pyrazolylbenzimidazol-2-one derivatives

Frontiers in Science and Engineering - Vol. 4 - n° 2 - 2014
An International Journal Edited by The Hassan II Academy of Science and Technology

J. N. T. Ghomsi et al. Synthesis and UV-Visible complexation study of 
                                                                    1-pyrazolylbenzimidazol-2-one polyether macrocyclic derivatives

 

Frontiers in Science and Engineering
An International Journal Edited by Hassan II Academy of Science and Technology

 10 

Yield: 38 %

Mp: 106-108 °C

1H NMR (CDCl3) : 3,25 (m, 16H) ; 6,66 (s, 1H) ; 6,81-7,8 (m, 9H)

13C NMR (CDCl3) : 41,29 (CH2Cl); 41,64 (CH2Cl); 42,44 (NCH2); 42,89 (NCH2); 
49,27 (OCH2); 69,2 (OCH2);  69,6 (OCH2); 71,22 (OCH2) ; 100,83 (=C4H); 108,1-

128,73 (CHar); 129,61 (Car); 130,19 (Car); 133,13 (Car); 133,77 (Cq); 151,17 
(C=N); 152,81 (C=O)

Mass spectrometry EI : (m/z): 488.

1-(3’-phenylpyrazol-5’-yl)benzimidazolo-13-couronne-2 5

This compound was obtained as white powder after a silica column chromatography using 
as eluant (Hexane/ethyl acetate: 6/4)

Yield: 33%

Mp: 174-176 °C

1H NMR (CDCl3) : 3,15-3,52 (m, 4H); 3,71-3,95 (m, 5H); 4,06-4,19 (m, 1H); 4,42-
4,61 (m, 2H); 6,81 (s, 1H); 6,84-7,83 (m, 9H)

13C NMR (CDCl3) : 40,43 (NCH2); 51,71 (NCH2); 66,45 (OCH2) ; 70,12 (OCH2) ;
70,32 (OCH2) ; 70,42 (OCH2) ; 103,16 (=C4H); 108,54-128,72 (CHar); 129,14 (Car); 
129,46 (Car) ; 129,89 (Car); 133,15 (Cq); 150,65 (C=N); 153,99 (C=O)

Mass spectrometry DCI (NH3): [M+H]+ : 391.

1-(3’-phenylpyrazol-5’-yl)benzimidazolo-16-couronne-3 6

This compound was obtained as white crystal after silica column using eluant 
(Hexane/ethyl acetate: 7/3)

Yield: 25%

Mp: 129-131 °C

1H NMR (CDCl3) : 2,76 (m, 1H) ; 3,26-3,46 (m, 6H) ; 3,7-398 (m, 6H) ; 4,31-4,53 (m, 
3H); 6,65 (s, 1H) ; 6,66-7,83 (m, 9H)

13C NMR (CDCl3) : 41,22 (NCH2); 50,96 (NCH2); 69,02 (OCH2); 69,94 (OCH2); 
70,07 (OCH2); 70,29 (OCH2);  100,99 (=C4H); 106,49-128,55 (CHar); 130,04 (Car); 
129,74 (Car); 129,98 ( Car); 133,21 (Cq); 150,94 (C=N); 152,55 (C=O)

Mass spectrometry DCI (NH3): [M+H]+ : 435
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Determination of formation constants.
The formation constants for ion-ligand complexes were determined by UV 
spectrophotometry in tetrahydrofuran solutions following Smid. [14-15] The sequential 
addition of aliquots of a ligand to a 3x10-5M solution of metal picrate in THF (ρ = ligand/sait 
= 0 to 10-17) induces large spectral changes in the 280-450 nm  wavelength range. The 
calculation method uses  the STAR/FA  and  the STAR programs developped by Beltran
[16] for studying ionic equilibrium from spectrophotometric data. STAR is a non-linear 
regression program for the refinement of complex formation constants. The mass balance 
equations of the system were solved from the given model and the total concentration of 
the components. STAR gives several statistical characteristic parameters to test the 
reliability of the regression process. The most important parameter is the standard 
deviation of the absorbances (A) which must be compared to the instrumental error of the 
spectrophotometer 0.002; an acceptable fit is S(A) < 0.005. Other parameter:  the 
distribution of residuals is examined by the Skewness, Kurtosis and Pearson's χ2 tests; for 
a Gaussian distribution these values should be equal to 0.3 and < 12.6 (for six degrees of 
freedom at the 95% confidence level) respectively. The Hamilton R factor(%) indicates the 
relative fit (Sl%). The STAR/FA program is used to determine the number of absorbing 
species in solution by factor analysis of the absorbance data matrix. In all cases the 
characteristic parameters were very good.
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Abstract In this work we investigated the atomic relaxation in copper and silver 
substrates. The system surfaces are oriented following (100) and (110) directions. The 
relaxation and the bond length variation are only obtained by the mutual atomic 
interaction. The all calculations are made at zero Kelvin in order to neglect the thermic 
vibration of the substrate atoms. The (100) surfaces are more compact than (110) 
ones, which is clearly observed in the inter-layer relaxation rate. On the other hand, 
the investigation of the adatom relaxation in the case of heterosystems (Cu/Ag) reveals 
that Cu adatom tends to penetrate through the surface which corresponds to the 
exchange process. In contrast, the Ag adatom on Cu surface attempts to be far from 
the surface giving a preferential occurrence to the jump process on the surface. This 
finding is confirmed by the binding strength or binding energy calculations where we 
have found (for (100) surface as example) that Cu-Ag is 2.30 and 2.09 eV for Cu/Ag 
and Ag/Cu, respectively.    
 
Key words: atomic relaxation, mutual interaction, copper and silver, Embedded Atom 

model, Dynamic molecular simulation. 

 

1. Introduction 
There exists a wide variety of applications of thin films such as optoelectronic devices 

and micro-semiconductors.  Due to this importance, the thin film growth has been the 

subject of many investigations over the last decade. In this context, understanding of 

epitaxial process including diffusion phenomena, leads to the amelioration of material 

performance. For this reason, the description of thin films growth needs a total 

understanding of different based elements which could control the diffusion 

phenomena.  
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There exists a wide variety of applications of thin films such as optoelectronic devices 

and micro-semiconductors.  Due to this importance, the thin film growth has been the 

subject of many investigations over the last decade. In this context, understanding of 

epitaxial process including diffusion phenomena, leads to the amelioration of material 

performance. For this reason, the description of thin films growth needs a total 

understanding of different based elements which could control the diffusion 

phenomena.  
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Abstract In this work we investigated the atomic relaxation in copper and silver 
substrates. The system surfaces are oriented following (100) and (110) directions. The 
relaxation and the bond length variation are only obtained by the mutual atomic 
interaction. The all calculations are made at zero Kelvin in order to neglect the thermic 
vibration of the substrate atoms. The (100) surfaces are more compact than (110) 
ones, which is clearly observed in the inter-layer relaxation rate. On the other hand, 
the investigation of the adatom relaxation in the case of heterosystems (Cu/Ag) reveals 
that Cu adatom tends to penetrate through the surface which corresponds to the 
exchange process. In contrast, the Ag adatom on Cu surface attempts to be far from 
the surface giving a preferential occurrence to the jump process on the surface. This 
finding is confirmed by the binding strength or binding energy calculations where we 
have found (for (100) surface as example) that Cu-Ag is 2.30 and 2.09 eV for Cu/Ag 
and Ag/Cu, respectively.    
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The studies of the ultra-thin film kinetics start from the first based diffusion elements 

such as adatoms. Many investigations are made in order to extract the different 

diffusion processes which could exist during adatom diffusion. However, the study of 

the atomic structure relaxation is a very important element in the growth thin film 

phenomena. Such investigation leads to the prediction of the most stable structure 

during the epitaxial phenomenon. 

Using theoretical modeling, it has been demonstrated that adatom diffusion could 

occur via simple jump, long jump or exchange phenomena [1-5]. However, all of these 

processes have been revealed by experimental tools [6.7].The adatom diffusion on 

metallic surface, especially on low Miller index surfaces, has been studied in several 

previous works [8,9]. Attention has also been paid to evaluations of the heteroepitaxial 

growth investigation until now [8-10], and the phenomenon which could be met during 

this process still needs more detailed understanding. In this way, the two 

heterosystems Ag/Cu(100) and Cu/Ag(100) are studied in previous work using ab initio 

tools [2]. It has been shown that the bond length relaxation in the presence of adatoms 

differ from one system to another. This difference leads to a first prediction of adatoms 

diffusion processes on the surface either on terrace (perfect surface) or near the step 

edge. For example, in the case of Cu/Ag(100), the investigation of bond length 

relaxation and binding energy demonstrates that the adatom tends to diffuse via a 

mechanism more complicated than the  jump  one[2]. On the other hand, one knows 

that the activation energy or potential barrier (the energy which the adatom has to 

overcome for making the jump) is strongly related to the number and the strength of 

the bonds between adatom and their first neighbors.  

Our aim in this work is to calculate the bending energy between adatom and substrate 

atoms, especially those rounding the adatom adsorption position. We have also 

examined the adatom influence on atoms substrate relaxation. This investigation 

allows us to understand adatom behavior in the case of heterogeneous systems both 

in the case of (100) and (110) surface for copper and silver materials. Following this 

way, we have calculated the reduced distance between adatom and surface after 

relaxation process. We have chosen (100) and (110) tailored from face centered cube 

(fcc), where the adatom has the same number of the first nearest neighbors but with 

difference in the geometry of adsorption position (square for (100) and rectangular for 

(110)). 
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The paper is organized as follows. Short potential model description adopted in this 

work is given in Sec.2. All results of this work with discussions are presented in Sec.3. 

The conclusions are summarized in Sec.4. 

2. Calculation Method 
Molecular dynamic is one of the most effective means to study the diffusion 

phenomena on different metallic surfaces [11,12]. In this work, we have calculated the 

adatom relaxation and also the bending energy at zero Kelvin by using molecular static 

calculations. The potential adopted in this study was based on the embedded atom 

method (EAM). Our systems are composed by Ag and Cu atoms. More precisely, our 

simulation box contains 8 layers, where each layer is formed by 64 atoms (8 

atoms/row) as shown in Fig.1.   

 
(a)                                                     (b) 

Fig.1: Perspective view of the systems geometric structure studied in this work:   (a) 
illustrates (100) surface geometry and (b) represents (110) surface geometry. The 
Square and the rectangular represent the adsorption sites (hollow). 
 
In order to simulate an infinite system, periodic boundary conditions are applied in the 

direction parallel to the surface (x and y direction), but not in the perpendicular direction 

to the surface (z-direction). We mention also that the l calculations are made at 0K; 

therefore, temperature contributions are neglected. However, our investigations are 

carried out at static regime. 

We note that in this study, we have adopted the embedded atom method (EAM) in 

order to solve our many-body problem [13]. This method has been used for many years 

ago in growth film area given good results [13]. In the framework of this method, the 

K. Sbiaai et al. Atomic relaxation of Ag and Cu on fcc (100) and .. 

Frontiers in Science and Engineering 
An International Journal Edited by Hassan II Academy of Science and Technology 

 

The studies of the ultra-thin film kinetics start from the first based diffusion elements 

such as adatoms. Many investigations are made in order to extract the different 

diffusion processes which could exist during adatom diffusion. However, the study of 

the atomic structure relaxation is a very important element in the growth thin film 

phenomena. Such investigation leads to the prediction of the most stable structure 

during the epitaxial phenomenon. 

Using theoretical modeling, it has been demonstrated that adatom diffusion could 

occur via simple jump, long jump or exchange phenomena [1-5]. However, all of these 

processes have been revealed by experimental tools [6.7].The adatom diffusion on 

metallic surface, especially on low Miller index surfaces, has been studied in several 

previous works [8,9]. Attention has also been paid to evaluations of the heteroepitaxial 

growth investigation until now [8-10], and the phenomenon which could be met during 

this process still needs more detailed understanding. In this way, the two 

heterosystems Ag/Cu(100) and Cu/Ag(100) are studied in previous work using ab initio 

tools [2]. It has been shown that the bond length relaxation in the presence of adatoms 

differ from one system to another. This difference leads to a first prediction of adatoms 

diffusion processes on the surface either on terrace (perfect surface) or near the step 

edge. For example, in the case of Cu/Ag(100), the investigation of bond length 

relaxation and binding energy demonstrates that the adatom tends to diffuse via a 

mechanism more complicated than the  jump  one[2]. On the other hand, one knows 

that the activation energy or potential barrier (the energy which the adatom has to 

overcome for making the jump) is strongly related to the number and the strength of 

the bonds between adatom and their first neighbors.  

Our aim in this work is to calculate the bending energy between adatom and substrate 

atoms, especially those rounding the adatom adsorption position. We have also 

examined the adatom influence on atoms substrate relaxation. This investigation 

allows us to understand adatom behavior in the case of heterogeneous systems both 

in the case of (100) and (110) surface for copper and silver materials. Following this 

way, we have calculated the reduced distance between adatom and surface after 

relaxation process. We have chosen (100) and (110) tailored from face centered cube 

(fcc), where the adatom has the same number of the first nearest neighbors but with 

difference in the geometry of adsorption position (square for (100) and rectangular for 

(110)). 



56

K. Sbiaai, M. Mazroui, K. Benkhouja, Y. Boughaleb        Atomic relaxation of Ag and Cu on fcc(100) and (110) surfaces

Frontiers in Science and Engineering - Vol. 4 - n° 2 - 2014
An International Journal Edited by The Hassan II Academy of Science and Technology

K. Sbiaai et al. Atomic relaxation of Ag and Cu on fcc (100) and .. 

Frontiers in Science and Engineering 
An International Journal Edited by Hassan II Academy of Science and Technology 

 

total energy of a metal is given as a sum of an embedding function Fi(ρi) and pair-

potential  Vij(Rij) as: 

Etot =
1
2∑ Viji,j (Rij) + ∑ Fi(ρi)i .                                         (1) 

The quantity Rij is the scalar distance between atom i and j, and ρi is the sum of 

individual electron density provided by the other atoms of the metal: 

ρi = ∑ ρjα(Rij)i(i≠j) . (2) 

In the following section we will examine the relaxation and length of the bond with and 

without adatom on (100) and (110) surfaces. We will try to find any possible correlation 

between bond length and the strength of bonding (binding energy).  

3. Results 

3.1. Substrate relaxation 

The first step in this study is the examination of the top layer atom relaxation without 

adatom. For this investigation, we calculate the relaxation factor dp∗  as defined in Ref 

[14] by: 

dp∗ =
dp,p+1−dp,p+10

dp,p+10 ,                                                    (3) 

Wheredp,p+1 is the average distance between the first layer p and layer p + 1 after 

relaxation, and dp,p+10  is the corresponding unrelated distance. 

We note that for Ag (100) and Cu (100) surfaces the relaxation factor d0∗  is found 

to be -2.2% and -3.9%, respectively. For Ag (100) surface the value of d0∗  is in good 

agreement with Boisvert et al. results [15], which is found to be -1.9% and in 

experiment results d0∗ = 0 ± 1.5 [16]. For Cu (100) surface, dp∗  is reasonably compared 

with previous experiment and theoretical data (-3.6% [2], -4.5% [17],-3.5%[17],-3.0% 

[17],-3.02%[18],-1.2% [19]). One notes that, for surfaces without an adatom, all atoms 

in the same layer have the same vertical positions variation. 
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Fig. 2. Interlayer distance between substrate layers. The surface corresponds to the 
layer indexed by p=0. 

 

For Ag(110), the relaxation of the top-layer is higher than that in Ag(100) surface 

and is found to be -5.25%. However, for Cu (110) surface, we have been found that d0∗  

is -4.91%. We note that the top layer relaxation is very important in (110) substrate 

than (100). Consequently, the (100) surface is most compact than (110) surface. 

3.2. Bond lengths and binding energies 

a. On (100) surface 
In this subsection we study the relaxation of the adatom on the (100) surface. For this 

specific investigation, we put an adatom on the surface and we follow the relaxation of 

its vertical position (Fig.1). For Cu/Cu (100), Ag/Ag (100) and Cu/Ag (100), the 

reduction of vertical position is -12.25%, -9.7% and -27.71%, respectively. We note 

that the adatom tries to be close of the surface and this is clearly showed in the 

reduction of vertical distance with the first nearest neighbors, this distance is the 

shortest for Cu on Ag (100) compared to the two others systems. While, for Ag on Cu 

(100), the adatom has an opposite behavior, and tends to be far from the surface. 

Thus, we observed that the vertical distance for this system with the nearest neighbor 

increases (+4.15%).  

It is evident that the first nearest neighbors well feel the presence of the adatom 

more than the rest of the atoms in the layer. Thus, it is interesting to study their reaction 

after relaxation. On the (100) surface, for all systems, the first nearest neighbors of 

adatoms relax similarly and by occupying higher vertical positions than the rest of the 

atoms in the first layer (Fig. 3). 
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Fig.3. displacement orientation of adatom and the first nearest neighbors after 
relaxation 

The bond length between the adatom and their first nearest neighbors is 

summarized in Table 1. For homoepitaxial systems, Ag on Ag (100), the bond length 

before relaxation is 2.89𝐴̇𝐴, so, after relaxation, it becomes shorter (2.81𝐴̇𝐴) by -4.49% 

which is in reasonable agreement with previous theoretical finding [2] (-5.4%). 

Similarly, for Cu on Cu (100), the bond length with first nearest after relaxation is 2.48𝐴̇𝐴 

reduced by -5.47% from initial bond length (2.56𝐴̇𝐴) wish also still in good agreement 

with previous theoretical work [2] (-5.5%). For heteroepitaxial systems, the difference 

of the atomic size between adatoms and substrate atoms is clearly observed. For Cu 

on Ag (100), the adatom tries to reduce the bond length, and to be close to the 

substrate. In fact, the bond length before the relaxation is strongly reduced (-11.76%) 

with respect to the homoepitaxial systems. While for Ag on Cu(100), the bond length 

increases by a factor of 1.56%, indicating that the  adatom attempts to be far from the 

substrate.  
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    100   
                   Bond length (A°)  Ebind  (eV) 

 
System
s 

After 
relaxation 

Before 
relaxation Δd %Δd 

Adsorption 
position 

 

Ag/Ag 2.76 2.89 
-

0.13 -4.49  2  

Cu/Cu 2.42 2.56 
-

0.14 -5.47 2.33  

Cu/Ag 2.55 2.89 
-

0.34 
-

11.76 2.30  
Ag/Cu 2.6 2.56 0.04 1.56 2.09 

Table 1.Binding energies and Variation of bind length between adatom and the first 
neighbors on (100) surface. 
 

In Table 1, we have also reported the binding energy values of adatom deposed 

on its favored adsorption position (around the first nearest neighbors).The binding 

energy per bond is found to be 0.50 eV for (Ag-Ag), and 0.58 eV for bond (Cu-Cu). In 

the case of heteroepitaxial systems, the binding energy is substantially higher for Cu 

on Ag (100) than for Ag on Cu (100). The binding energy per bond for Cu adatom on 

Ag (100) substrate is found to be 0.58 eV compared to (Cu-Cu) bond. If we change the 

Cu (100) substrate by Ag (100) surface, the binding energy for (Ag-Cu) bond is 0.50 

eV. Also, the binding energy of Cu on Ag (100) is higher than that on Ag on Cu (100). 

Concerning (Ag-Cu) bond, the binding energy was influenced by the nature of the 

substrate; this is clearly seen in the binding energy when the substrate has been 

changed. 

b. (110) surface 
However, the reduction of vertical distance for Cu/Cu (110), Ag/Ag (110) and 

Cu/Ag (110) is found to be -18.85%, -13.45% and -35.58% respectively. We note also 

that the decrease of vertical distance between adatom and its first neighbors in (110) 

terrace is higher than in (100) surface, except for Ag on Cu, where we have the 

opposite behavior. On the other hand, our analysis of the relaxation of atoms on (110) 

surface, shows that the first nearest neighbors try to reduce their vertical position with 

the adatom, except for Ag on Cu (110) where the adatom and the first nearest 

neighbors have an opposite direction of relaxation (see Fig.1). 
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In addition, we have examined the bond length of the atoms in the systems for 

(110) surface (see again Table 2). The bond length between the Cu adatom and its 

first nearest neighbors on Cu (110) is found to be 2.48𝐴𝐴. We also find that the bond 

length between Ag adatom and Ag (110) after relaxation is 2.81𝐴𝐴. In the case of Cu 

adatom on Ag (110), the bond length decreases strongly than the other systems, this 

can be explained by the difference in the atomic size relative to adatom (copper and 

atoms of substrate silver). Therefore the decrease of (Cu-Ag) bond is about 8.65% 

relative to the bond length before relaxation (Table 2). This decrease is found to be 

close 2.77% for Ag on Ag (110) and 3.125% for Cu on Cu (110). While, for Ag adatom 

on Cu (110), as well as for Ag on Cu (100), the bond length increases with respect to 

the distance before relaxation by 2.73%, showing that the Ag adatom is repulsed far 

from the Cu surface. 

    110   
  Bond length (A°) Ebind (eV) 

 
System

s 
After 

relaxation 
Before 

relaxation Δd %Δd 
Adsorption 

position 

 

Ag/Ag 2.81 2.89 
-

0.08 -2.77 2.11 

Cu/Cu 2.48 2.56 
-

0.08 
-

3.125 2.53 

Cu/Ag 2.64 2.89 
-

0.25 -8.65 2.42 
Ag/Cu 2.83 2.56 0.07 2.73 2.3 

Table 2.Binding energies and Variation of bind length between adatom and the first 
neighbors on (110) surface. 
 

We have also reported in Table 2 the binding energy of adatom with the first 

nearest neighbors. As can be seen from the Table the binding energy per bond (Cu-

Ag) is 0.62eV for Cu on Ag (110) and 0.575eV for Ag on Cu (110). For (Ag-Ag) and 

(Cu-Cu) bond, the binding energy per bond are 0.54 eV and 0.64 eV, respectively. 

Once again, we find that the binding energy is higher for Cu on Cu (110) and lower for 

Ag on Ag (110). From Table 2, we also remark that there is a correlation between the 

binding energy and bond length; we see that for Cu on Cu (110) the bond length is 

smaller than the other systems, whereas, it is smaller for Ag adatom both on Ag (110) 

and Cu (110) surface, where the bond length is higher. 
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4. Conclusions 

This study contains important implications for the physics of thin film growth. We 

have found that the structure relaxation depends strongly on the surface orientation 

and on the nature of the substrate atoms. Thus, for (100) surface, the inter-layer 

relaxation is less important than in the case of the (110) orientation. Because, the (110) 

orientation offers wide free space than (100) surface. On the other hand, we have 

demonstrated that Cu adatom presents a strong reduction of the vertical position on 

both (100) and (110). These properties enhance significantly the exchange process 

occurring during Cu adatom diffusion. However, for both geometries considered here, 

the Ag adatom relaxation on Cu surface has an opposite behavior, where the adatoms 

are pushing far from the surface giving them a long lifetime on the surface. We mention 

that according to our finding in this work and our previous ones [1,4-6,12], we conclude 

that adatom diffusion depends on the nature of adatoms and also on the relaxation of 

adatom and the reaction of the first nearest neighbors. This observation has been 

confirmed by the calculation of the bending energy, where we have found that Cu 

adatom needs more energy to be snatched from its initial position on Ag surface. On 

the other side, it’s very hard to emerge  Ag adatom on Cu surface. 
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